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ABSTRACT 

. 

A numerical method for  obtaining accurate shape design s e n s i t i v i t y  

in format ion for  b u i l t - u p  structures i s  developed and demonstrated 

through analysis of examples. Shape design s e n s i t i v i t i e s  i n  the past 

have been obtained us ing a boundary approach t o  shape design s e n s i t i v i t y  

analys is  and the f i n i t e  element method of s t r u c t u r a l  analysis.  

boundary approach, shape design s e n s i t i v i t y  formulas have been expressed 

as contour i n teg ra l s ,  using i n teg ra t i on  by par ts  and boundary and/or 

i n t e r f a c e  condit ions. Consequently t o  evaluate shape design 

s e n s i t i v i t y ,  a l l  i n t e g r a l s  a r e  evaluated as boundary i n t e g r a l s  using 

informat ion obtained f rom f i n i t e  element analysis along external  

boundaries and i n t e r n a l  in ter faces between components . The boundary 

approach f a i l s  t o  y i e l d  acceptable r e s u l t s  f o r  problems w i th  

s i n g u l a r i t i e s  due t o  unsat is factory  accuracy o f  boundary in format ion 

evaluated w i t h  the f i n i t e  element method. The basic character o f  the 

f i n i t e  element method, which gives more accurate domain in format ion than 

I n  the  

boundary information, i s  u t i l i z e d  f o r  shape design s e n s i t i v i t y  

improvement. To do so, a domain approach f o r  shape design sens i t  

analys is  o f  bu i l t - up  structures i s  der ived using the mater ia l  der 

v i  t y  

vat  i ve 

idea of s t r u c t u r a l  mechanics and the a d j o i n t  va r iab le  method o f  design 

s e n s i t i v i t y  analysis. 

introduced t o  a l l e v i a t e  d i f f i c u l t i e s  i n  generating domain v e l o c i t y  

Veloci ty elements and B-spline curves are 

ii 
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f ie lds .  Regu lar i t y  requirements o f  the  design v e l o c i t y  f i e l d  are 

studied. Results obtained are appl ied t o  the  fo l l ow ing  examples: 

(1) Shape design s e n s i t i v i t y  analys is  o f  square box and 

p l  ate-beam-truss bui  1 t-up s t ruc tu res  . 
Shape design s e n s i t i v i t y  analysis,  using a boundary- 

layer  approach, o f  a simple i n t e r f a c e  problem and a 

f i l l e t  problem. 

(2 )  

Accuracy o f  shape design s e n s i t i v i t y  i s  shown t o  be g rea t l y  improved 

using domain informat ion,  avoiding data evaluat ion on external  

boundaries and i n t e r n a l  i nterfaces. 

5ii 
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I. INTRODUCTION 

1.1 Mot ivat ion 

The theory of s t ruc tu ra l  shape design s e n s i t i v i t y  analysis (SDSA) - - - - 
has been extens ive ly  developed. Shape design s e n s i t i  v i  t y  formulae have 

been expl i c i  t l y  expressed as contour 3 gtegra l  s , us! ng i ntegrat  i on by 

pa r t s  and in te r face  boundary condi t ions t o  obta in  i d e n t i t i e s  f o r  

t ransformat ion of domain i n teg ra l s  t o  contour i n t e g r a l s .  

boundary approach, one uses i n f  ormati-on eval uated a1 ong external  

I n  t h i s  
. r 

boundaries and i n t e r n a l  interfaces. This approach has been widely 

tested i n  conjunct ion w i th  the f i n i t e  element method and it has been 

found t o  have d i f f i c u l t i e s  i n  problems w i t h  s ingu la r  behavior. 

The - f i n i t e  - element - method (FEM) i s  a powerful t o o l  f o r  so lv ing many 

analys is  problems encountered i n  the  p rac t i ce  o f  engi neer i  ng 

descipl ines.  However, it i s  widely known [l] t h a t  the accuracy o f  t he  

e boundary in format ion obtained w i t h  the f i n i t e  element method may not 

s a t i s f a c t o r y  f o r  systems with s ingu la r  c h a r a c t e r i s t i c s  . 
I f  one r e c a l l s  the nature o f  the f i n i t e  element method as a doma 

approximation method, i t  i s  easy t o  f i n d  the reason for  condi t ional  

accuracy o f  the boundary approach, when implemented w i t h  the f i n i t e  

n 

element method. During the computational process of the f i n i t e  element 

analysis, the unknown variables are sought t o  approximately s a t i s f y  the 

governing equation and the non-kinematic boundary condi t ions i n  a domain 

i n t e g r a l  sense. 
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I n  the  present work, a domain approach t o  shape design s e n s i t i v i t y  

analysis i s  introduced t o  enhance the accuracy of t he  shape design 

s e n s i t i v i t y ,  by t a k i n g  advantage o f  inherent proper t ies o f  the f i n i t e  

element method. Also, t o  con t ro l  the design v e l o c i t y  f i e l d  w i t h i n  the  

domain and t o  save computing time, a boundary-layer approach i s  

introduced and tested. 

1.2 Organi zat  i on 

The f i r s t  two sections o f  Chapter 2 contain a d e r i v a t i o n  o f  t he  

shape design s e n s i t i v i t y  formulas, based on the domain approach f o r  

bu i l t - up  structures,  using the  mater ia l  d e r i v a t i v e  idea from continuum 

mechanics and the  a d j o i n t  va r iab le  method. 

components such as trusses, beams, plane e l  a s t i c  p l  ates, and bendi ng 

p l a t e  components. The l a s t  two sections of Chapter 2 present the  ideas 

o f  boundary-1 ayers and v e l o c i t y  elements A boundary-1 ayer i s  a 

neighborhood of the var ied boundary t h a t  i s  i s o l a t e d  from the core o f  

the s t ructure by two bounding surfaces r and y. The outer bounding 

surface r i s  i d e n t i c a l  t o  t h e  s t r u c t u r a l  boundary and the inner  bounding 

surface y i s  a pre-set surface chosen by the designer. 

ob ject ive o f  i n t roduc ing  a boundary-layer i s  t o  a l l e v i a t e  the d i f f i c u l t y  

o f  generating domain v e l o c i t y  f i e l d s .  Also, the idea o f  a boundary- 

l a y e r  can reduce computing cost, A v e l o c i t y  element i s  a p a r t  o f  the 

boundary-layer, w i t h  two opposite element sides t h a t  l i e  on two bounding 

surfaces. 

i n t e r p o l a t e  the design v e l o c i t y  o f  i n t e r i o r  points,  based on a given 

Bui l t -up s t ructures i nvo l ve  

The p r i n c i p a l  

Using an isoparametr ic mapping, a v e l o c i t y  element can 
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v e l o c i t y  f i  e l  d a1 ong the t w o  boundi ng surf aces . The boundi ng surfaces 

. are represented using B-spl ine curves . 
I n  Chapter 3, r e g u l a r i t y  p roper t i es  of the v e l o c i t y  f i e l d  are 

studied through a simple example o f  a uniformly loaded c a n t i l e v e r  beam, 

by i ntroduci  ng i nternal  subdi v i  s i  ons and d i  f f erent  desi gn vel  oc i  t y  

f i e lds .  Based on t h i s  study, r e g u l a r i t y  requirements f o r  each design 

component are drawn and d i r e c t l y  appl ied t o  a plate-beam-truss bui 1 t -up 

s t ruc tu re  i n  Chapter 4. 

I n  Chapter 4, t he  domain approach t o  shape design s e n s i t i v i t y  

analys is  of b u i l t - u p  structures i s  t reated. 

square box t h a t  i s  composed o f  f i v e  plane e l a s t i c  components. The 

second example i s  a plate-beam-truss b u i l t - u p  s t ruc tu re  w i t h  a Hermite 

cubi c desi gn vel  oc i  t y  f i e l  d . 

The f i r s t  example i s  a 

I n  Chapter 5, shape design s e n s i t i v i t y  analysis o f  s t ructures i s  

presented using t h e  boundary-1 ayer idea. 

i n t e r f a c e  problem. I n  t h i s  problem, s i n g u l a r i t y  can be. expected along 

the  i n te r face ,  due t o  non-smooth data (mater ia l  property)  across the 

i n te r face .  

numerical r e s u l t s  obtained with t h e  boundary and the domain 

approaches. The second example studied i s  a f i l l e t  problem. The var ied 

boundary i s  represented by 6-spl ine curves and the domain v e l o c i t y  f i e l d  

i s  evaluated using a ve loc i t y  element idea. 

The f i  r s t  example i s  a simple 

The c a p a b i l i t y  o f  t h i s  approach i s  demonstrated by comparing 

Chapter 6 presents discussion, concl u s i  ons, and suggesti ons f o r  

fu ther  research on the domain and boundary-layer approaches. 
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1.3 L i t e r a t u r e  Review 

The des i re  t o  y i .e ld maximum performance wi th a minimum exendi ture 

o f  resources motivates the cont inu ing developement and growth o f  

s t ruc tu ra l  o t imizat ion.  I n  the  fo l lowing,  l i t e r a t u r e  i s  reviewed i n  the  

area o f  shape design s e n s i t i v i t y  analys is  and opt imizat ion,  w i t h  

emphasis on numerical methods. 

One o f  t he  f i r s t  treatments of t he  general problem o f  op t im iz ing  

the shape of s t ructures was presented by Zienkiewicz and Campbell [2]. 

They formulated the  shape optimal design problem using a f i n i t e  element 

model of the s t ruc tu re  and t r e a t e d  the l o c a t i o n  o f  nodal po ints  o f  t he  

f i n i t e  element model as design variables. They then ca lcu lated 

de r i va t i ves  o f  s t i f f n e s s  and load matr ices w i t h  respect t o  design 

parameters, obtained de r i va t i ves  o f  s t r u c t u r a l  response measures, and 

employed sequential l i n e a r  programming f o r  numerical opt imizat ion.  

Ramakrishnan and F rancav i l l a  [3] employed a s i m i l a r  f i n i t e  element 

formulation, but they used a a penal ty func t i on  method f o r  numerical 

optimization. 

the f i n i t e  element method o f  Refs. 2 and 3 f o r  f i l l e t  op t im iza t i on  t o  

minimize s t ress concentration. Schnack [5] and Oda [SI used a f i n i t e  

element formulat ion f o r  s t ress c a l c u l a t i o n  i n  the neighborhood o f  a 

s t ress  concentrat ion and i t e r a t i v e l y  modif ied the contour t o  minimize 

peak stress. 

Francavi 1 l a ,  Ramakri shnan, and Zienkiewicz [4] employed 

A more basic approach f o r  surface contour ing t o  minimize stress 

concentrat ion was presented by Tvergaard, f o r  se lec t i ng  the optimum 

shape of a f i l l e t  C71. He employed a stress f i e l d  model of a f i l l e t ,  
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w i t h  a f i n i t e  dimensional f a m i l y  of boundary shapes defined i n  terms o f  

coordi  nate parameters. He employed a v a r i  a t i  onal analysi  s of the s t ress  

f i e l d  t o  obta in  de r i va t i ves  of s t ress w i th  respect t o  design parameters 

and used sequential l i n e a r  programming t o  i t e r a t i v e l y  construct  an 

optimum design. Kristensen and Madsen [8] formulated a c lass o f  shape 

optimal design problems f o r  p lanar sol  i d s  t h a t  general ize the approach 

presented by Tvergaard [7]. They used orthogonal polynomials t o  l o c a t e  

the  bowdary of the body and t rea ted  the coe f f i c i en ts  as design 

parameters. They employed a f i n i t e  element model of s t r u c t u r a l  response 

t o  obta in  de r i va t i ves  of stress w i t h  respect t o  design parameters [9] 

and employed sequential l i n e a r  programming t o  solve the  opt imizat ion 

problem. They solved an elementary problem o f  shape opt imizat ion o f  a 

ho le i n  a b i -ax ia l  s t ress f i e l d ,  a n a l y t i c a l l y  and numerical ly. They 

a l s o  i l l u s t r a t e d  the  method on more complex problems. 

Bhav ika t t i  and Ramakrishnan [lo] presented a refinement o f  the 

formulat ion o f  Refs. 2, 3, and 4 f o r  optimum design o f  f i l l e t s  i n  f l a t  

and round tension bars. 

taken as the design variables, t o  character ize the shape o f  the f i l l e t  

and a f i n i t e  element model t o  ca l cu la te  s t ress w i t h i n  the  body. They 

They a lso used a polynomial, w i t h  c o e f f i c i e n t s  

i nves t i ga ted  minimizat ion of s t ress concentrat ion factor, minimum volume 

design, and design f o r  uniform st ress d i s t r i b u t i o n  along the f i l l e t  

boundary. Der ivat ives o f  response measures w i th  respect t o  design 

parameters were ca lcu lated with a f i n i t e  element model. 

l i n e a r  programming was employed f o r  numerical opt imizat ion.  

Sequential 

Dems and 

Mroz [ll] presented a q u i t e  general approach t o  shape optimal design. 
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They used a boundary pe r tu rba t i on  analys is  t o  d e r i  ve optimal i t y  c r i t e r i a  

and a f i n i t e  element numerical method t o  determine the optimum 

boundary. Dems [12] used t h i s  method t o  formulate and numerical ly solve 

a va r ie t y  o f  problems of shaft cross-section shape opt imizat ion f o r  

t o rs iona l  s t i f fness.  

A funct ion space gradient p r o j e c t i o n  method f o r  optimal design o f  

t h e  shape of two-dimensional e l a s t i c  bodies was presented by Chun and 

Haug [13], using design s e n s i t i v i t y  analys is  methods s i m i l a r  t o  those 

presented by Rousselet and Haug [14] and a gradient p r o j e c t i o n  method 

presented i n  Ref. 15. 

minimization, w i t h  cons t ra in t s  on von Mises y i e l d  s t ress and shear 

s t ress  d i s t r i b u t i o n  on t h e  boundary. 

extensively expanded, both t h e o r e t i c a l l y  and numerical ly. 

and Choi [16] appl ied the method t o  several plane e l a s t i c i t y  problems o f  

considerable size, such as a dam and a connecting rod, by using sparce 

m a t r i x  techniques [17]. 

t o r s i o n  problem w i t h  shape const ra in ts .  Choi and Haug [19] developed 

shape design s e n s i t i v i t y  formulas f o r  f i v e  prototype problems of e l a s t i c  

s t ructures . Choi [20] studied shape design s e n s i t i v i t y  analysis o f  

displacement and s t ress cons t ra in t  funct ionals ,  w i th  emphasis on the  

e f f e c t  o f  p o i n t  and element movement w i t h i n  the domain due t o  domain 

perturbat ion.  Haug, Choi and Komkov [21] have developed a u n i f i e d  

va r ia t i ona l  form of s t ruc tu ra  design s e n s i t i v i t y  analysis w i th  a 

r igorous mathematical foundat on. Lee, Choi, and Haug E221 appl ied t h e  

method t o  bu i  1 d-up s t ructures w i t h  cons t ra in t s  on design v a r i  ab1 es, von 

The design ob jec t i ve  i n  t h i s  work was weight 

The above method has been 

Yoo, Haug, 

- 

Hou and Benedict [18] appl ied t h i s  method t o  a 

- 
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. 
M i  ses y i e l d  s t ress , d i  spl  acement , and natura l  frequency . 
[23] improved the accuracy of shape design s e n s i t i v i t y  f o r  s t ress  

cons t ra in t s  by improving boundary information, using higher order f i n i t e  

elements with more sophistcated funct ion evaluat ion schemes and smooth 

boundary representations, The m a j o r i t y  o f  the work i n  Refs. 17-22 uses 

the boundary approach of shape desi gn sensi t i v i  t y  analysi  s , 

Yang and Choi 
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11. SHAPE DESIGN SENSITIVITY ANALYSIS 
USING DOMAIN INFORMATION 

. 2.1 In t roduc t i on  

Shape design s e n s i t i v i t y  analys is  has genera l ly  been done by 

transforming domain i n t e g r a l s  t o  contour i n t e g r a l s ,  by i n t e g r a t i n g  by 

p a r t s  and using formal operator equations [ 191. 

t he  boundary approach, has the  fo l  lowing features: 

(1) It i s  general and can be appl ied t o  a wide v a r i e t y  of problems 

This approach, c a l l  ed 

w i th  regu la r  functions. 

(2) The dimension of t he  boundary, over which i n t e g r a t i o n  i s  

performed, i s  lower by one than the o r i g i n a l  problem. 

(3)  The v a r i a t i o n  o f  t he  funct ional  can be obtained by evaluat ing 

only normal components o f  t he  v e l o c i t y  f i e l d  on the boundary. 

( 4 )  This approach requires accurate data along the  boundary, which 

i s  d i f f i c u l t  t o  ob ta in  using the f i n i t e  element method (FEM). - - - 
I n  a m a j o r i t y  o f  t he  problems tested t o  date, the boundary approach 

has given resonable resu l t s .  However, i n  (1)  problems with i r r e g u l a r  

funct ions o r  (ii) problems w i t h  strong s ingu la r  cha rac te r i s t i cs ,  such as 

bui ld-up s t ructures,  the boundary approach may f a i l  t o  y i e l d  acceptable 

r e s u l t s  C221. 

I n  the  boundary i n t e g r a l  formulat ion of SDSA, d i f f i c u l t i e s  may 

a r i s e  because of poor accuracy of boundary informat ion,  which i s  

c 
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obtained by p r o j e c t i n g  resu l t s  of FEM analys is  from Gauss points  o f  

elements i n  the i n t e r i o r  t o  the boundary, may not be sa t i s fac to ry .  This 

i s  caused mainly by the l i m i t e d  order of polynomials used i n  the  f i n i t e  

element [24] and by sk in  effects [25]. Skin designates discrepancies 

between the  t r u e  and approximate boundaries. This behavior i s  shown t o  

e x i s t  near each beam s t i f f ene r  i n  the plate-beam-truss b u i l t - u p  

s t r u c t u r e  of Ref. 22. 

Considering the  i n t r i n s i c  nature o f  the FEM as 2 domain 

approximation method, one may expect FEM t o  produce b e t t e r  domain 

in format ion ra the r  than boundary informat ion.  

domain approach of component shape desi gn sensi t i v i  ty  analys is  i s  

derived, a f t e r  in t roducing the basic mater ia l  d e r i v a t i v e  idea. 

Components t r e a t e d  are a truss, a beam, a plane e l a s t i c  p la te,  and a 

bending plate.  Combinations of these components make up an extensive 

I n  Section 2.2.1, the 
r. 

c lass of b u i l t - u p  structures.  

shape design s e n s i t i v i t y  analysis i s  der ived f o r  a b u i l t - u p  structure,  

using the a d j o i n t  va r iab le  method. 

I n  Section 2.2.2, the domain approach t o  

I n  Section 2.3, the concept o f  a 

boundary-1 ayer and a boundary-1 ayer coordi nate system i s  introduced t o  

ease the d i f f i c u l t y  o f  generating a domain v e l o c i t y  f i e l d .  The 

boundary-layer i s  a subdomain, located i n  a neighborhood o f  the var ied 

boundary. The boundary-layer i s  d iv ided i n t o  a set  o f  v e l o c i t y  elements 

t h a t  can evaluate the ve loc i t y  and d e r i v a t i v e  o f  v e l o c i t y  o f  any i n s i d e  

points,  using isoparametric mapping. 

i n t  roduced t o  represent an a r b i t r a r y  smooth boundary . 
I n  Section 2.4, t he  B-spline i s  
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2.2 Domain Approach t o  SDSA 

2.2.1 Mater ia l  Der i va t i ve  o f  B i l i n e a r  
Forms o f  Each S t ruc tu ra l  Component 
i n  One- and Two-Dimensions 

A wide range o f  engineering s t ructures are composed o f  one- and 

two-dimensional s t r u c t u r a l  domponents . Such st ructures maintain 

i n t e g r i t y  through i n t e r a c t i o n s  of components along in ter faces.  The 

response of s t r u c t u r a l  systems; more s p e c i f i c a l l y ,  the displacement 

f i e l d  i n  the system, can be character ized by two contr ibut ions.  The 

f i r s t  i s  con t r i bu t i ons  from s t r e t c h i n g  ac t i on  due t o  l a t e r a l  loads. The 

second i s  con t r i bu t i ons  from bending ac t i on  due t o  t ransverse loads. 

For a given stimulus, these two act ions determine the displacement f i e l d  

o f  t he  system. 

For one dimensional s t r u c t u r a l  components, t russes and beams 

represent s t r e t c h i n g  and bending contr ibut ions,  respect ive ly .  For two 

dimensional s t r u c t u r a l  components, plane e l a s t i c  p la tes  and bending 

p la tes represent s t r e t c h i n g  and bending contr ibut ions,  respec t i ve l y  . 
Mechanical s t r u c t u r a l  systems are c o l l e c t i o n s  o f  a v a r i e t y  o f  s t r u c t u r a l  

components. Combinations o f  t russ,  beam, plane e l a s t i c  p la te,  and 

bending p l a t e  components make up a l a rge  c lass o f  engineering 

s t ructures . 
b u i l t - u p  o f  s t r u c t u r a l  components . 

Such engineering s t ructures can be considered as being 

I n  t h i s  section, t he  mater ia l  d e r i v a t i v e  i s  def ined and basic 

mater ia l  d e r i v a t i v e  formulas f o r  one and two dimensional funct ionals  are 

derived. The mater ia l  d e r i v a t i v e  formula o f  each prototype s t r u c t u r a l  

component i s  der ived using basic mater ia l  d e r i v a t i v e  formulas [19]. 
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c 

2.2.1.1 Mater ia l  Der ivat ive.  The idea of shape v a r i a t i o n  and 

mater ia l  de r i va t i ve ,  presented i n  Ref. 19 are covered b r i e f l y  here f o r  

convenience and completness. 

d e t a i l e d  mathematical development i n  Ref. 19. I n  shape design 

s e n s i t i v i t y  analysis, ,shape o f  a domain i s  t rea ted  as the design 

var iable.  It i s  convenient t o  t h i n k  o f  t he  domain as a continuous 

medium and t o  u t i l i z e  the  mater ia l  d e r i v a t i v e  idea t o  r e l a t e  a v a r i a t i o n  

i n  shape t o  the  res.ri:tiiig v a r i a t i o n  i n  performance funct ionals.  

In terested readers may f i n d  a more 

Consider a domain n i n  one, two, o r  t h ree  dimensions, shown 

schematical ly i n  Fig. 2.2.1. 

t he  t ransformat ion T,  as shown i n  Fig. 2.2.1. 

Suppose t h a t  on ly  one parameter T def ines 

This parameter can be 

thought as t ime [19], so that  t he  process o f  deforming n t o  nT can be 

viewed as a dynamic process o f  deforming a continuum, w i t h  the 

parameter T p lay ing  the  r o l e  o f  time. The t r a j e c t o r y  o f  a p a r t i c l e  t h a t  

i s  i n i t i a l l y  a t  x i s  now defined as the  i n i t i a l - v a l u e  problem 

1 xo = x 
(2.2.1) 

I n  other words, one can define T by 

T ( x , d  = X T 0 4  (2.2.2) 

where x T  i s  the so lu t i on  of the i n i t i a l  value problem, i f  the v e l o c i t y  

f i e l d  V(xr,r)  i s  given. 

. 
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Figure 2.2.1 Domain V a r i a t i o n  

Suppose zT (xT)  i s  a smooth c l a s s i c a l  s o l u t i o n  o f  the f o l l o w i n g  

formal operator  equation on the deformed domain aT: 

zT 

rT 
ZT = o , x  
A = f ’ X  (2.2 - 3 )  

The poin twise  mater ial  der iva t ive ,  i f  i t  e x i t s ,  a t  x E: n i s  defined as 

2 (x + T V ( X ) )  - z ( x )  
(2.2.4) d l i m  T 

T 

Consider now a domain f u n c t i o n a l ,  defined as an i n t e g r a l  over nT, 
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= fT (x  + T V ( X > ) ~ J I  dQ 
n 

(2.2.5) 

where f T  i s  a regular  funct ion defined on QT and J i s  t he  Jacobian 

matr ix  o f  t he  mapping T. The mater ia l  d e r i v a t i v e  o f  +1 a t  n i s  [21] 

= I/ [ f ' ( x )  + (Vf*V) + f ( V * V ) ]  do 
a 

(2.2 -6.a) 

If the i n t e g r a l  over n i s  transformed t o  a boundary i n t e g r a l ,  using 

i n t e g r a t i o n  by parts, Eq. (2.2.6.a) can be r e w r i t t e n  as [19] 

(2.2.6.b) 

It i s  important t o  note t h a t  the e n t i r e  domain v e l o c i t y  V appears 

i n  the domain approach of Eq. 2.2.6.a i n  contrast  t o  only the normal 

component o f  the boundary ve loc i t y  (Van) i n  the boundary approach o f  Eq. 

2.2.6.b. These two approaches, Eqs. 2.2.6.a and 2.2.6.b, are 

mathematical ly i d e n t i c a l  . However, t he  values t o  be evaluated may be 

s i g n i f i c a n t l y  d i f f e r e n t ,  depending on numerical approximating methods 

used i n  the  ca lcu lat ion.  The boundary approach should be used w i th  a 

boundary or iented approximation method, such as the boundary e l  ement 

method, and the domain approach matches b e t t e r  w i t h  a domain 

approximation method, such as the f i n i t e  element method. 
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I n  shape design s e n s i t i v i t y  analys is  of b u i l t - u p  s t ructures,  a 

shape change i n  a s t r u c t u r a l  component causes movement throughout the 

e n t i r e  domain. 

def ine the mater ia l  d e r i v a t i v e  o f  a general funct ional  t h a t  i s  given as 

a one o r  two dimensional i n t e g r a l .  The mater ia l  d e r i v a t i v e  o f  a two 

dimensional i n t e g r a l  i s  given i n  Eq. 2.2.6.a and the mater ia l  d e r i v a t i v e  

o f  a one dimensional i n t e g r a l  i s  presented below. 

To p r e d i c t  the e f f e c t  o f  a change i n  shape, one must 

Consider a funct ional  t h a t  i s  given as a one dimensional i n t e g r a l  

42 = I g dx 
X 

(2.2.7) 

where g i s  a regular  f unc t i on  and x i s  a l o c a l  coordinate system. 

mater ia l  d e r i v a t i v e  o f  42 i s  from Eq. 2.2.6.a, 

The 

(2.2.8) 

w i t h  4 = g' + gxV 

2.2.1.2 Truss Component. Consider a t r u s s  component w i t h  end 

loads ro and rL shown i n  Fig. 2.2.2. 

are general ly funct ions o f  a shape parameter b which i s  general ly a 

Note t h a t  the end loads r o  and r L  

func t i on  o f  o r i e n t a t i o n  i n  space, w i t h  respect t o  some coordinate 

system. The energy b i l i n e a r  form a ( l ) ( z ( l ) ,  $ l ) )  f o r  a t r u s s  component 

i s  
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r i (1 1 E,A 
2 

rO rL 

Figure 2.2.2 Truss Component 

(2.2.9) 

where A i s  t he  cross sectional area o f  a t r u s s  member and the load 

l i n e a r  form i s  

(2.2.10) 

where the  d i r e c t i o n s  o f  end loads are as i n  Fig. 2.2.2. 

The mater ia l  de r i va t i ve  o f  Eqs. 2.2.9 and 2.2.10 are 

L - AE(Z:') # l ) )  V x  dx 
X 0 

(2.2.11) 
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and 

[&1) ($1' ) ] '  = (2.2.12) 

(2.2 -13)  

has been used. 

2.2.1.3 Beam Component. A typ ica l  beam wi th  d i s t r i b u t e d  load q ( x )  

and end moment M i s  shown i n  Fig. 2.2.3. 

I L - - - - - - 4  

F i  gure 2.2 -3  Beam Component 

The energy b i  1 i near f o r m  a (2) ( z ( ~ ) ,  d2) ) and 1 oad 1 i near form 

E(*) are,  respect ive ly ,  
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L L 
(‘)(z(‘), #2 ’ )  = I E1 ( z ( ~ )  7“)) dx + I GJ (8 F ) dx a (2.2.14) x x  0 xx xx 0 

(2.2.15) 

where t h e  b i l i n e a r  form a (2 ) ( z (2 ) ,  

t w i s t i n g  act ions,  E i s  Young’s modulus, G i s  shear modulus, I and J are  

moment o f  i n e r t i a  and po la r  moment o f  i n e r t i a  of the  beam, respec t ive ly ,  

and 8 is beam ro ta t ion .  

inc ludes both bending and 

The mater ia l  der iva t ives  o f  Eqs. 2.2.14 and 2.2.15 are 

L 

0 
- 1 GJ ( exTx)Vx dx (2.2 -16) 

(2.2.17) 

2.2.1.4 Plane E l a s t i c i t y  P la te  Component. I n  Fig. 2.2.4, a plane 

e l a s t i c  p l a t e  w i t h  t r a c t i o n  T(5) and body force F(5) i s  given. 

t h a t  5 i s  used t o  designate (XI, x2). 

l i n e a r  form are, respect ive ly ,  

Note 

The energy b i l i n e a r  form and load 

(2.2.18) 
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Figure 2.2.4 Plane E l a s t i c  P l a t e  Component 

n r 
(2.2.19) 

Taking var ia t ion  of Eqs. 2.2.18 and 2.2.19 and the  using mater ia l  

der iva t ive  idea,  one has 

+ // [ 1 U ~ ~ ( Z ( ~ ) )  c . . ( $ ~ ’ ) ]  ( V  V )  dn 
n i ,j 1J 

(2.2 20) 
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+ F . d 3 ) ( V  V ) ]  dn  + I I (T iz i  - (3) )  d r  (2.2 -21) 
r i  1 1  

and where C i s  the e l a s t i c  modulus tensor, which s a t i s f i e s  Cijkr - - Cklljj 

‘ i j k a  - - ‘ i j n J C y  i ,j,k,l=ly2. 

2.2.1.5 Plate Component. Consider a p l a t e  o f  va r iab le  th ickness 

Nx1 .  x 2  )>h>O w i t h  load f(xl, x2) shown i n  Fig. 2.2.5. 

b i l i n e a r  form and the load l i n e a r  form are, respect ive ly ,  

The energy 

tct 
x1 

Figure 2.2.5 Bending P l a t e  Component 
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and 

( 4 ) ( z ( 4 ) ,  $ 4 ) )  = /I D [ ( z ( ~ )  + uzZ2 ( 4 )  ) $4) 11 + (zZ2 
11 a 

n 

(2.2.22) 

where 

D =  Eh3 
12( 1 4 2 )  

(2.2.23) 

Taking the mater ia l  derivative o f  Eqs. 2.2.22 and 2.2.23, one has 

(2.2 2 4 )  
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and 

T 
where V = [V', V2] . 

(2.2.25) 

2.2.2 Var ia t iona l  Equation for Bu i l t -up  Structure 

The mater ia l  covered i n  t h i s  sub-section i s  o r i g ina ted  i n  Ref. 21, 

which i s  b r i e f l y  reviewed here for  completeness. As s ta ted  previously,  

a general s t ruc tu re  i s  a c o l l e c t i o n  o f  s t ruc tu ra l  components t h a t  are 

interconnected by kinematic cons t ra in ts  a t  t h e i r  boundaries. 

Displacement f i e l d s  i n  s t ruc tu ra l  components are sa id  t o '  be k inemat ica l l y  

admissible if they s a t i s f y  kinematic cons t ra in ts  a t  the  in ter faces.  

an abs t rac t  set t ing,  l e t  z denote a composite vector o f  displacement 

f i e l d s  i n  the  components tha t  make up the  bu i l t - up  s t ruc tu re  as 

I n  



22 

(2.2.26) 

where z ( ~ )  C [H '"i (ni)Igi represent displacements for  the  ( i ) - t h  

component, and r i s  the  number of components t h a t  make up the  b u i l t - u p  

s t ructure.  

def ined as the  set  o f  displacement f i e l d s  s a t i s f y i n g  homogeneous 

boundary cond i t ions  between i ndi  v idual  components and the  ground 

reference frame and kinematic i n te r face  cond i t ions  between components. 

Symbolical ly, t h i s  i s  

The space o f  k i  nemati ca l  l y  admi s s i  b l  e d i  sp l  acement f i e l  ds i s 

(2.2.27) i z = {z c W: yz = o on r, y z = +z on r. . I  
1J 

'"i 
where the product space W = n[H (ni)] 

- 
i s  t he  space o f  displacement 

i 
f i e l d s  t h a t  s a t i s f y  the  requ i red  degree of smothness, y i s  a boundary 

operator [21] t h a t  g ives the  p r o j e c t i o n  of s t r u c t u r a l  displacements and 

perhaps t h e i r  de r i va t i ves  onto the  e x t e r i o r  boundary r and yi and y j  are 

i n t e r f a c e  operators t h a t  p r o j e c t  displacement f i e l d s  and perhaps t h e i r  

de r i va t i ves  from w i t h i n  components i and j onto t h e i r  common 

boundary ri j. 

2.2.2.1 Hamilton's P r i n c i p l e  Let the  s t r a i n  energy o f  the  

s t ruc tu ra l  system be denoted by 

(2 .2  .28) 
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where 7 a(i)(z(i), ,(i)) i s  the s t r a i n  energy o f  ( i ) - t h  component. 

It i s  presumed t h a t  the quadrat ic  s t r a i n  energy i n  Eq. 2.2.28 i s  

def ined f o r  any d i  spl  acement i n  t h e  k i  nemati ca l  l y  adrni s s i  b l  e 

displacement f i e l d  Z. 

s t r a i n  energies o f  the components t h a t  make up the b u i l t - u p  s t ruc tu re .  

The s t r a i n  energy U i s  def ined as the  sum o f  

Next, define the k i n e t i c  energy of the system as 

(2.2.29) 

where 7 d(i)(dz(i)/dt, dz(i) /dt) i s  t he  k i n e t i c  energy o f  ( i ) - t h  

component where dz(i ) / d t  denotes the  t ime d e r i v a t i v e  o f  displacement 

z ( ~ ) .  As i n  the  case o f  s t r a i n  energy, k i n e t i c  energy i s  obtained by 

summing k i n e t i c  energies o f  each component i n  the b u i l t - u p  s t ructure.  

It i s  a lso presumed t h a t  the k i n e t i c  energy T i n  Eq. 2.2.29 i s  def ined 

for  a l l  k i nemat i ca l l y  admissible displacement f i e l d s .  

F i n a l l y ,  l e t  the v i r t u a l  work o f  e x t e r n a l l y  appl ied forces be 

def ined as 

L -  

L(z)  f a(T) 

(2.2.30) 

where a(’ 

v i r t u a l  displacements t h a t  s a t i s f y  the kinematic boundary condi t ions;  

i.e., z f Z. 

i s  the v i r t u a l  work o f  the (i ) - t h  component, w i t h  

- 
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The v a r i a t i o n a l  form o f  Hamilton's p r i n c i p l e [ Z l ]  requi res t h a t  

t, 
L 

(U -T) d t  = I T : d t  

tl 

(2.2.31) 

f o r  a l l  times tl and t2 and f o r  any k inemat ica l l y  admissible v i r t u a l  

d i  sp l  acements t h a t  s a t i s f y  the  add i t i ona l  condi t ions 

(2.2.32) 
- - 
z(tl) = t ( t 2 )  = 0 

where and are the  f i r s t  v a r i a t i o n  o f  the  s t r a i n  and kinematic energy 

quadrat ic forms def ined as, respect ive ly ,  

One may r e w r i t e  Eq. 2.2.31 using Eq. 2.2.33 as 

(2.2.33) 

(2.2.34) 

2.2.2.2 The P r i n c i p l e  o f  v i r t u a l  Work. Consider the  case o f  s t a t i c  

response o f  a s t ruc tu re  t o  load t h a t  does not depend on time. 

o b t a i n  the var is t iona!  form of the g ~ v e r n i n g  equat icn for  a bui l t=: lp 

s t ructure by suppressing t ime i n  Eq. 2.2.34 as 

One can 

a(z, 5) = a(Y),  f o r  a l l  7 €  z (2.2.35) 
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Note t h a t  the energy b i l i n e a r  form on the  l e f t  i s  the summation o f  

b i l i n e a r  forms o f  s t r u c t u r a l  components and t h a t  the load l i n e a r  form on 

t h e  r i g h t  i s  the summation of load l i n e a r  forms of each component making 

up the b u i l t - u p  s t ructure.  

2.2.2.3 F i r s t  Var ia t ion of the Var ia t ional  Form o f  the Bui l t -up 

Structure. The ob jec t i ve  i s  t o  f i n d  a r e l a t i o n s h i p  between a shape 

v a r i a t i o n  and the r e s u l t i n g  v a r i a t i o n  i n  the s t a t e  o f  t he  s t ructure.  

One can def ine the f i r s t  va r ia t i on  o f  Eq. 2.2.35 using Eqs. 2.2.28 and 

2.2.30 as 

[L(1)]' = a ' ( 7 )  

(2.2.36) 

where a'(z, 7) i s  the d i f f e r e n t i a l  of the energy b i l i n e a r  form w i th  

respect t o  design. 

Using mater1 a1 der ivat ives fo component energy b i  1 i near forms and 

load l i n e a r  forms i n  Eqs. 2.2.11, 2.2.12, 2.2.16, 2.2.17, 2.2.20, 

2.2.21, 2.2.24, and 2.2.25, one obtains f rom Eqs. 2.2.35 and 2.2.36 
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= g'(3 - a ' ( z ,  7) ' (2.2.37) 

2.2.3 Adjoint Variable Method 

Consider a general functional t h a t  def ines  performance of a b u i l t -  

up s t ruc tu re  a s  [21] 

where z ( ~ )  i s  the displacement f i e l d  of the ( i ) - t h  component and 

Taking the var ia t ion  of the above func t iona l ,  u s i n g  the 

material de r iva t ive  idea,  one has 

+ (Vgi Vi)  + gi ( V  V i ) }  da 

(2.2.38) 

(2.2 -39) 
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where z ( ~ )  = [zI ( i )  , Z2 (1)  , ..., z (i)]T. In order t o  take advantage o f  
'li 

this result, one must write terms of Eq. 2.2.39 explicitly i n  terms of 

the velocity field V. 

explicitly, one must resort t o  a technique such as the adjoint variable 

method t o  ob ta in  the desired result. 

Since 5 cannot generally be determined 

In order t o  treat  terms on the right of Eq. 2.2.39, one can define 

an adjoint equation by replacing 5 i n  Eq. 2.2.39 by a virtual 

displac2ment x and equate the result t o  the energy biiinear form, 

evaluated a t  the a d j o i n t  variable, as 

for  all X C Z, where X = [A (1) , x(2)  , ..., x (r)]T. Presuming the 

energy bilinear form i s  strongly el l ipt ic  and t h a t  terms on the right o f  

Eq. 2.2.39 i s  a continuous linear form in x, this equation can determine 

X uniquely [21]. Since i satisfies the kinematic admissibility 

conditions, one may evaluate Eq.  2.2.40 a t  

z = A, t o  ob ta in  

= 5 and Eq. 2.2.37 a t  
- 

JI' = t ' ( ~ )  - a ' ( z ,  A) 

r . ~ ( ~ 1 )  + g ( v  V ( i ) ) }  dn (2.2.41) 
+ c II t ( v g  

i=l Qi 
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where di i s  the v e l o c i t y  f i e l d  def ined on SZi . 
Note t h a t  evaluat ion o f  t h i s  e x p l i c i t  design s e n s i t i v i t y  formula 

requires s o l u t i o n  o f  Eq. 2.2.40 f o r  a d j o i n t  va r iab le  X and evaluat ion o f  

funct ionals  i n v o l v i n g  both the  s t a t e  va r iab le  and the  a d j o i n t  va r iab le  

A.  

element method f o r  so l v ing  both the  s t a t e  and a d j o i n t  equations o f  t h e  

bu i l t - up  structures.  

These ca l cu la t i ons  are d i r e c t  and take f u l l  advantage o f  the f i n i t e  

2.2.4 Mater ia l  Der i va t i ve  of a Functional 
Defied as a Local Measure, 
Using the Domain Approach 

Some measures of behavior o f  state,  such as Lisplacement and 

stress,  are not global . They are defined as l o c a l  measures a t  an 

i so la ted  p o i n t  x o r  over a small t e s t  region QPc Q. With t h i s  

s i tuat ion,  unl i ke funct ional  s t h a t  def ine global  measures , shape design 

s e n s i t i v i t y  o f  l o c a l  funct ionals  may have add i t i ona l  con t r i bu t i ons  due 

t o  movement of p o i n t  x o r  sub-region QP, c a l l e d  "element v e l o c i t y  

terms". This i s  the case when sub-regions are chosen t o  be f i n i t e  

elements. 

domain have non-zero ve loc i t y .  An i s o l a t e d  p o i n t  x moves t o  

= x + r V ( x ) ,  due t o  t h e  domain per turbat ion.  

A 

n 

If one perturbs the shape o f  domain Q ,  a l l  p o i n t s  i n  the 
n 

A A A 

Likewise, a small t e s t  
x T  

region @ w i l l  move t o  occupy 3 a f t e r  per turbat ion.  One must consider 

contr ibut ions from t h i s  movement i n  c a l c u l a t i n g  shape design sensi- 

t i v i t y .  The idpa i s  given graphica!Jy j 9  Fig. 2,2.6 f o r  beam ccmp=nent, 

Shape design s e n s i t i v i t y  of l o c a l  f unc t i ona ls  was t r e a t e d  i n  Ref. 

20 using a boundary approach. 

approach o f  SDSA. 

Here, i t  i s  t rea ted  using the domain 
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(a)  Orig inal  Beam $2 = @,L) 2 

X 

"r- L~ = L ~  +vX ( L~ ) 

L 

Figure 2.2.6 Element V e l o c i t y  

Consider a funct ional  defined over a small t e s t  region n p c  n as 

(2.2.42) 

where f i s  a regular  function and Mp i s  a c h a r a c t e r i s t i c  function t h a t  

has constant value on # and zero on filnP. The value o f  ?;i i s  P P 

1 F T =  
(II 

fip 
(2.2.43) 
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Using Eq. 2.2.43, Eq. 2.2.42 can be re -wr i t t en  as 

(2.2.44) 

One can take the  mater ia l  d e r i v a t i v e  o f  Eq. 2.2.42.b t o  obta in  

7 

= I/ [ f '+ (V f .V)+ f (V*V) ]M dQ - (I/ f M  dQ) (Jlnp(V*V)Mp dQ) 
np P r p p  

(2.2.45) 

Note that the f i r s t  i n t e g r a l  i s  the same as Eq. 2.2.4.a, which i s  t he  

shape design s e n s i t i v i t y  formula f o r  a global  funct ional .  Also note 

t h a t  one needs t o  add the second i n t e g r a l ,  t h e  element v e l o c i t y  term, 

f o r  shape design s e n s i t i v i t y  o f  a l o c a l  funct ional .  

It i s  important t o  note t h a t  the element v e l o c i t y  term does not 

The element v e l o c i t y  necessar i ly  vani sh f o r  zero boundary v e l o c i t y  . 
term i s  non-zero as long as the domain v e l o c i t y  does not vanish, i n s p i t e  

o f  zero v e l o c i t y  along the  boundary. 

2.3 Boundary-Layer 

The boundary o f  t he  domain ( o r  a p a r t  o f  the domain) i s  

parametrized by a_ set o f  shape param~t,ers 2nd 2 h ~ n & r , v  rep resen ta t i on  

function. 

parametrization. 

The v e l o c i t y  of the boundary can be def ined i n  terms o f  i t s  

Once the v e l o c i t y  o f  t he  boundary i s  given, one can 
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evaluate v e l o c i t y  and i t s  de r i va t i ve  using a mapping c a l l e d  a v e l o c i t y  

element. In  t h i s  section, the concepts o f  "boundary-layer" and 

" v e l o c i t y  element" are treated. 

f o r  boundary representat ion are discussed 

I n  t h e  next section, B-spl ine functions 

2.3.1 The Boundary-Layer Coordinate System 

For shape design s e n s i t i v i t y  analys is  (SDSA) , "mathematical shape 

m&el l ing" and " v e l o c i t y  f f e l d  contouring" are interdependent . The 

shape model and the v e l o c i t y  f i e l d  must s a t i s f y  r e g u l a r i t y  requirements 

t h a t  are d i c t a t e d  by the problem. 

Mathematical ly speaking, l e t  t h e  domain n be a Ck regu la r  open set, 

w i th  Ck denoting the  c o l l e c t i o n  of k-times continuously d i f f e r e n t i a b l e  

functions; Le., i t s  boundary r i s  a compact manifold of c lass Ck i n  Rn 

(n = 2, 3) . That i s ,  t he  boundary i s  closed and bounded i n  R" and can 

be l o c a l l y  represented by a Ck funct ion.  Let the v e l o c i t y  f i e l d  

V(x) 

c losure ?i o f  

continuous. With t h i s  hypothesis, i t  has been shown t h a t  the mapping T 

i n  Eq. 2.2.1 i s  a homeomorphism f rom U t o  UT 3 T(U,r), f o r  small T [21]. 

The boundary o f  a s t ructure can be modelled using any approximating 

Rn be a vector f i e l d  defined on a neighborhood U o f  the  

and l e t  V(x)  and i t s  d e r i v a t i v e  up t o  order k 2 1 be 

method [26]. For general shapes, ass1 gni ng desi gn parameters and 

d e f i n i n g  a compatible ve loc i t y  f i e l d  are sometimes awkward o r  

e x t r a o d i n a r i l y  complicated. The simplest and most natural  geometric 

const ruct ion i s  generation o f  a shape "design" boundary-layer, speci f i e d  

by two bounding surfaces r and y as shown i n  Fig. 2.3.1. 
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Outer Bounding Surface, r 

Figure 2.3.1 Shape Design Boundary-layer 
with Two Def in ing Surfaces 

The i n n e r  bounding surface y i s o l a t e s  t h e  boundary-layer from t h e  

i nne r  core of t he  s t ruc tu re  and the  outer  bounding surface r coincides 

with the s t r u c t u r a l  boundary A boundary01 ayer coordinate system, t h a t  

i s  orthogonal t o  the inner  bounding surface Y can be establ ished, as 

shown i n  Fig. 2.3.2. This coordinate system i s  p a r t i c u l a r l y  useful f o r  

shape design s e n s i t i v i t y  analysis, due t o  i t s  " l oca l  or thogonal i ty" .  

Local or thogonal i ty  menas t h a t  the coordinate system i s  orthogonal on ly  

on the pre-set inner  bounding surface, but  not necessar i ly  elsewhere. 

The basic shape of the i nne r  bounding surface should preferably  be 

close t o  t h a t  of the s t r u c t u r a l  boundary. However, too much concavi ty 

nate l i n e s  would have 

2.3.3. P r a c t i c a l l y ,  the 

must be avoi ded, since the boundary-1 ayer coord 

in tersect ions among themselves as shown i n  Fig. 

i nne r  bounding surface should be def ined by a s mple a n a l y t i c a l  funct ion 
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and close t o  the  shape of the s t r u c t u r a l  boundary. 

g rea t l y  s i m p l i f i e d  by using a simple a n a l y t i c a l  funct ion.  

Computation can be 

Boundary-1 ayer Coordinate 
I 

Figure 2 System 

Lines 

Figure 2.3.3 Intersect ions of  Boundary-1 ayer Coordinate Lines 
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Shape design var iab les b can be distances between the two bounding 

surfaces , measured a1 ong the boundary-1 ayer coordi  nate system, as shown 

i n  Fig. 2.3.4. 
A 

Note t h a t  n i s  the outward u n i t  normal t o  y. 

t 

Y Inner Core 

S 

Figure 2.3.4 D e f i n i t i o n  o f  Design Var iable b 

The boundary-layer coordinate system f o r  a two dimensional domain 

can be formulated mathematically as fo l lows:  The equation o f  a pre-set 

i n n e r  bounding surface y i s  given i n  t h e  form 

(2.3.1) 

where s and t are Cartesian coordinates r e f e r r e d  t o  some o r ig in .  Points 

on the  

o r i g i n  

Fig. 2 

t anget 

determ 

inner  boundary surface y are s p e c i f i e d  by a vector from the  

o f  t he  coordinate system t o  t h e  p o i n t  R on y as shown i n  

3.4 I n  t h i s  f igure, n and t are outward u n i t  normal and u n i t  
6 A 

t o  y, respect ively.  The ou te r  bounding surface I' can be 

ned by a set of po ints  S t h a t  are spec i f i ed  by a vector r, 



I 
c1 

r = r + b(s, t )  n 

where b(s,t) i s  a design var iable a t  (s, t) on y. 
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(2.3.2) 

2.3.2 The Ve loc i t y  Element 

As mentioned previously, t h e  domain approach requi res v e l o c i t y  and 

i t s  d e r i v a t i v e  throughout the domain. For a general shape, v e l o c i t y  and 

i t s  d e r i v a t i v e  can be e f fec t i ve l y  evaluated using shape design v e l o c i t y  

elements located w i t h i n  the boundary-layer, as shown i n  Fig. 2.3.5. 

The essent ia l  idea underlying development o f  v e l o c i t y  elements 

centers on isoparametric mappings [27], based on the Serendipi ty f am i l y  

[a] o f  rectangular elements. 
V e l o c i t y  El ement 

Figure 2.3.5 Boundary-layer w i t h  Set o f  Veloc i ty  Elements 

The serendip i ty  family of elements contain only e x t e r i o r  nodes, as 

shown i n  Fig. 2.3.6. 



36 

Figure 2.3.6 Some of the Serendipi ty Family Elements 
( a )  Linear, (b)  Quadratic, ( c )  Cubic 

An isoparametric mapping means t h a t  the func t i ona l  representat ion 

o f  t h e  f i e l d  va r iab le  and the  funct ional  representat ion of the geometry 

are expressed by shape funct ions o f  the same order as i n  Eqs. 2.3.5 and 

2.3.6. 

The outer  

1 ocat es poi n t  s 

bounding surface r can be parametrized by a vector b t h a t  

on the  surface r. I n  terms o f  the parametr izat ion o f  t he  

boundary r, t he  v e l o c i t y  o f  the boundary r i s  def ined as 

ar bb = - 6b I ab 
d 
d t  V = - r ( b  + t6b) T=o (2.3.3) 

where 6b i s  a design va r ia t i on ,  t i s  a t i m e - l i k e  parameter, and 

V = [V’, VtIT. The v e l o c i t y  along the  i nne r  bounding surface y i s  

def ined t o  be 

v = o  (2.3.4) 
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since y i s  not allowed t o  move. 

A v e l o c i t y  element, shown i n  Fig. 2.3.7, i n te rpo la tes  v e l o c i t y  

i n s i d e  the element, based on spec i f i ed  v e l o c i t y  along y and r ,  by Eqs. 

2.3.3 and 2.3.4. 

bounding surface y and the outer bouding surface r, as i n  Fig. 2.3.7. 

Opposite sides o f  a v e l o c i t y  element are the  i nne r  

t 

I 
S 

Figure 2.3.7 Veloc i ty  Element 

As ind icated i n  Fig. 2.3.7, t he  necessary v e l o c i t y  shape funct ions 

should have cubic and l i n e a r  va r ia t i ons  i n  E- and n- d i rec t i ons ,  

respect ly  . 
Note that ,  due t o  d i f f e r e n t  orders o f  approximation along each 

side, t he  shape funct ions f o r  mid-side nodes and corner nodes can be 

generated as fo l lows: 
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/ 

(i 1 

(ii) 

For mid-side shape funct ions (N2, 

m u l t i p l i c a t i o n  of cubic order and 

i n t e r p o l a t i o n  suf f ices.  

N3, Ng, and $), a simp'le 

f i r s t  order Lagrangi an 

For corner shape functions (N1, N4, Ng, and Ng) , a combination o f  

b i  1 i nea r  corner funct ions,  together  w i t h  an appropr iate f r a c t i o n  o f  

mid-side shapes t o  ensure zero a t  appropr iate nodes, i s  required. 

The ve loc i t y  shape functions fo r  c u b i c / l i n e a r  v a r i a t i o n  are l i s t e d  i n  

Table 2.3.1. 

Table 2.3.1 Ve loc i t y  Element Shape Function 

Using an isoparametric mapping, the value o f  f i e l d  var iab les and 

pos i t i on  w i t h i n  an element may be expressed as 

(2 .3 .5 )  

VS 
l"t I = 1 l! (2.3.6) 
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where 

...a. 0 
O N2 0 N3 0 N4 

- =E1 N1 0 N2 0 N3 0 N4 

T t and (si, ti ) and [ V i ,  Vi] are p o s i t i o n  and v e l o c i t y  o f  (i ) - th  nodes. 

Note t h a t  shape functions Ni, i = 1, 2, . * * * *  , 8, are given i n  terms o f  

l o c a l  coordinates F and TI, which are dimensionless cen t ro id  coordinates 

w i t h  -1 c E ,  TI C 1. 

One cannot f i n d  der ivat ives o f  v e l o c i t y  w i t h  respect t o  s or/and t 

d i r e c t l y  from Eq. 2.3.6, since - N contains 5 and n, ins tead of s and t. 

This requires t h a t  the fo l lowing coordinate transformation o f  

de r i va t i ves  be invoked [29]: 

funct ion o f  s and t. Then, the chain r u l e  y i e l d s  

Let + be e i t h e r  Vs or Vt, which are 

where - J i s  the Jacobian matr ix obtained using Eq. 2.3.5 as 

(2.3.7) 

( 2.3.8) 

The inverse re la t i on ,  from Eq. 2.3.7, i s  



The d e r i v a t i v e  o f  v e l o c i t y  can be found by the  above procedure, 
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(2.3.9) 

2.4 Mathematical Shape Approximation 

2.4.1 I n t roduc t i on  

Creating a mathematical shape model t h a t  w i l l  adequately represent 

the  domain i s  one of the fundamental problems of SOSA. 

purposes, actual  s t ructures can only  be represented through mathematical 

shape modelling. 

creat ion i n  two ways. F i r s t ,  s t r u c t u r a l  behavior i s  analyzed based on 

the model created. Second, SOSA i s  performed on the model, using 

analysis r e s u l t s  and shape in format ion such as i n t r i n s i c  distance [30] 

and area, etc. 

surface from po in t  A t o  p o i n t  B. 

numerical i n t e g r a l s  requi re  shape in format ion along w i t h  the design 

v e l o c i t y  f i e l d .  

For  numerical 

The procedure o f  SOSA i s  dependent on shape model 

I n t r i n s i c  distance means distance measured along a 

I n  c a l c u l a t i n g  design s e n s i t i v i t y ,  

SDSA requires adoption o f  mathematical shape modell ing t h a t  i s  

capable o f  represent ing geometry o f  a l a rge  c lass o f  s t r u c t u r a l  

shapes. 

s a t i s f y  c o n t i n u i t y  and " f a i  rness" requi  rements . 
the  absence o f  unwanted shape de f i c ienc ies ,  p a r t i c u l a r l y  o s c i l l a t i o n s  

[32]. Shape def ic iency i s  used t o  designate discrepancy between 

o r i g i n a l  shape and approximated shape. The Hermite and the  Bezier 

polynomials C331 have l i m i t a t i o n s  due t o  c o n t i n u i t y .  

L inear  and the Lagrangian f a m i l i e s  [31] are too  p r i m i t i v e  t o  

Fai rness i s  re1 ated t o  

The sp l i ne  fam i l y  
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can provide more f l e x i b i l i t y  and genera l i ty .  

polynomial sp l ines and B-splines are the most widely used f o r  shape 

model 1 i ng . 

Among the s p l i n e  f a m i l y ,  

A compari son between polynomi a1 spl  i nes and B-spl i nes i s  summari zed 

i n  Table 2.4.1. For shape opt imizat ion purposes, t he  " l oca l  support" 

and " v a r i a t i o n  dimi shi  ng" propert ies are advantages o f  B-spl i ne 

[34,35]. 

component i s  f e l t  only l o c a l l y .  Consequently, t he  v e l o c i t y  f i e l d  

associated with a design component i s  non-zero only l o c a l l y .  The 

v a r i a t i o n  d imin ish ing property means t h a t  the approximated surface i s  no 

l ess  f a i r  than the  o r i g i n a l  surface. The l o c a l  support and v a r i a t i o n  

d imin ish ing proper t ies o f  6-spl ine curves are demonstrated i n  

Fig. 2.4.1. Note t h a t  Fig. 2.4.l.a demonstrates the v a r i a t i o n  

d imin ish ing property o f  a B-spline curves by approximating s t r a i g h t  

l i n e s  exact ly.  Figure 2.4 . l .b  shows the l o c a l  proper ty  o f  B-spline 

curves. 

l o c a l  per turbat ion o f  the curve i n  the  v i c i n i t y  o f  t h a t  vertex. 

Local support means t h a t  the e f f e c t  o f  pe r tu rb ing  a design 

Perturbing a s ing le vertex A o f  the polygon produces only a 

A 

Figure 2.4.1 Local Support and Var ia t i on  Diminishing Property 
o f  B-Spline Curve, ( a )  Before, ( b )  A f t e r  Perturbat ion 
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Table 2.4.1 Comparison between Polynomial Spline and B-Spline 

. 
Type of Behavior . Required Design 

Spl i ne Perturbation Model 1 ing Data Set 

Polynomi a1 G1 obal Interpolation m positions m position 

Spline and 2 end and 2 end 

slopes data  

Local Approximation Depends on m position 

B-spl i ne Approx. o f  the 

Method control 

vertex set 
L 

If polynomial splines are applied t o  the above figure, every line 

segment between nodes will be altered after perturbing a single 

vertex. This i s  due t o  the global nature o f  the polynomial splines. 

Polynomial splines and B-splines can assure the same order of 

smoothness. 

a surface represented by polynomial splines. The usefulness of B- 

splines i s  apparent when one considers t o  approximate aero-dynamic body 

such as a vehicle body or  an aircraft fuselage or wing  surface. 

However, a surface represented by B-splines i s  fairer t h a n  

One may conclude t h a t  B-splines are superior i n  representing 

surfaces. 

detai 1 . 
In the fo l lowing  subsection, B-splines are discussed i n  
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2.4.2 B-Spl i n e  

B-spl i nes, the  common abbreviated name for  basi s spl i nes f i  r s t  

introduced by Schoenberg [36], are a c lass of piecewise continuous 

parametric polynomials. The B-splines of order k are polynomials o f  

degree (k-1), which are continuously d i f f e r e n t i a b l e  (k-2) t imes a t  t he  

j o i n t s  . 
As noted i n  Table 2.4.1, 6-spl ines have approximating features 

comparable t o  i nterpol  a t i  ng features o f  polynomi a1 spl  i nes . An 

i n t e r p o l a t i n g  sp l i ne  means a s p l i n e  t h a t  passes through i t s  d e f i n i n g  

points.  

t h a t  may not pass through i t s  d e f i n i n g  points, as shown i n  Fig. 2.4.2. 

The set  o f  d e f i n i n g  po in ts  i s  sometimes c a l l e d  the "control  ver tex 

set". The B-sp i n e  basis element N i  , k ( t )  can be defined i n  t h e  

i n t e r v a l  ti<t<t +k by means o f  t he  recurs ive formula o f  Cox and DeBoor 

[37]: 

On the  other hand, an approximating s p l i n e  i s  a s p l i n e  curve 

For k =1, 

1 f o r  t i < t < t i + k  
'i ,l  = (0 otherwise 

and f o r  k > 1, 

(2.4.1) 

- t  
ti +k (t 1 

t - ti 
Ni +1, k-1 ( t )  + 

t i + k - l  - ti N i , k - l  t i+k - ti+l 



44 

where ti i s  c a l l e d  t h e  ( i ) - t h  knot. 

d e t a i l s  about knots. 

Refer t o  Ref. 37 f o r  d e f i n i t i o n  and 

Note that  one should c a r e f u l l y  d i s t i n g u i s h  knots 

ti from j o i n t s  x j ,  which are physical  junct ions between two curve 

sigments, as shown i n  Fig. 2.4.2. ..A , 

De f in ing  polygon 

I \ 
I 

I 
\ ' 

\ 
\ 
\ I' 
\ /  

b' 
Approximating spl  i ne i 

I 

X 
XO x1 x2 x3 

Figure 2.4.2 An Approximating Spl ine 

The recursive formula f o r  Ni,k i n  Eq. 2.4.2 amounts t o  generating a l l  

t he  ent r ies o f  the fo l l ow ing  t r i a n g u l a r  tab le:  

. . . 
. . . 
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Actual ly ,  t h i s  process y ie lds  the  complete set  of pe r iod i c  B-spl ine 

bas is  funct ions of order k, which are cyc le  t rans la tes  o f  a set  o f  bas is  

funct ions,  as shown i n  Fig.  2.4.3 

Figure 2.4.3 Complete Sets o f  B-spl ine Basis Functions c. 

For cubic B-spl i nes, a set of bas is  funct ions are renamed as b j  , 
j = -1, 0, 1, 2, t o  be used harmoniously as i n  Eq. 2.4.3. 

ca lcu lated bas is  funct ions b j  are given i n  Eq. 2.4.2. 

The 

7 
= (1 + 3u + 3u2 - 3u3)/6 

I bl = ( 4  - 6u2 + 3u3)/6 

b 2  = (1 - 3~ + 3~ - u ) / 6  " J  
1 

(2.4.2) 

where u i s  a parametr izat ion of ( X i ,  X i+ l )  w i t h  O<u<l .  

t he  shape of four  B-spline basis functions are given. 

( i ) - t h  j o i n t .  

I n  Fig. 2.4.4, 

Here, xi i s  t he  

A B-spline curve can be constructed i n  a piecewise manner, where 

The e n t i r e  curve i s  a mosaic of these each piece i s  a curve segment. 
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~ 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1. 0 
+ 
U 

Figure 2.4.4 B-Spline Basis Functions 

curve segments t h a t  are patched together  w i t h  appropr ia te c o n t i n u i t y  a t  

the  j o in t s .  

Curve setments are wei ghted averages o f  con t ro l  ver t i ces  , u s i  ng 

the  B-spline basis as weight ing ( o r  blending) funct ions.  Consequently, 

B-splines approximate the  cont ro l  ve r t i ces  wi thout  passing through 

them. Therefore, one must de f ine  a set  o f  con t ro l  ve r t i ces  

v, = [VO, V I '  V2' 

Fig. 2.4.4. 

cont ro l  ver t i ces  and i s  not af fected by the  remaining con t ro l  

vert ices.  A po in t  on the  ( i ) - t h  cubic  B-spl ine curve segment i s  a 

weighted average of the  four adjacent ve r t i ces  {vi -1, vi, vi+l, vi+2}, 

as shown i n  Fig. 2.4.5. 

vm] t o  represent a given curve, as shown i n  

A cubic B-spline curve segment i s  con t ro l l ed  by four  
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Q 

C Y 

Figure 2.4.5 Pairs of  Adjacent Point Forming ( i ) - t h  Segment 

The mathematical formulat ion o f  the (4) - th  segment i s  then [38] 

which i s  a l o c a l  representation. 

As a f i r s t  step i n  using B-splines, one must provide a means of 

obta in ing a s a t i s f a c t o r y  i n i t i a l  approximation t o  the given s t a r t i n g  

design, by c rea t i ng  an i n i t i a l  arrangement of con t ro l  vert ices.  Once 

t h i s  i s  done, i t  i s  natura l  t o  systemat ica l ly  modify the arrangement of 

con t ro l  ve r t i ces  using an opt imizat ion technique. The problem i s  t h a t  

reduced t o  determi n i  ng an appropri ate set  o f  6-spl i ne con t ro l  ve r t i ces  

t h a t  w i l l  generate a surface, i n t e r p o l a t i n g  a spec i f i ed  set o f  po ints  on 

the boundary o f  the s t a r t i n g  design. 
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The one-to-one correspondence between B-spl i ne curves and the 

con t ro l  vertex set  [33] enables one t o  c a r r y  out the fo l l ow ing  

procedures : 

Let Si, i = 0, 1, m, be boundary po in ts  l y i n g  OR the i n i t i a l  

design and vi, i = 0, 1, 

curve, one has 

m, be c o n t r o l  ver t ices.  A t  the end o f  t he  

(2 .4 .4)  

Using Eq. 2.4.3, one can ob ta in  a system o f  equations w i t h  vj, j = 1, 2, 

(mol), astnknowns. The r e s u l t i n g  m a t r i x  equation is- .  

where - A i s  the  t r i - d i a g o n a l  matr ix  

A =  - P 
and 

r =  u 

(2 .4 .6)  
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One can f i n d  a con t ro l  vertex set  v u by so l v ing  Eq. 2.4.5. 

A B-spline curve segment i s  the sum of f ou r  weighted bases 

0 . .  

vm functions, as i n  Eq. 2.4.3. Thus, (m+l )  con t ro l  ve r t i ces  VO, VI, 

can be used t o  def ine (m-2) segments, indexed as Q1(u), Q2(u), * * * ,  %- 
2(u). A B-spline curve does not, i n  general, begin o r  end a t  a con t ro l  

vertex. To obta in  b e t t e r  control  o f  the endpoints, one may t r e a t  them 

s p e c i a l l y  using the fo l lowing bas ic  features o f  B-splines. 

Basic features o f  B-splines a t  the ( i ) - t h  j o i n t  are 

(i) Pi = (vi + 4vi+l + vi+&6 

(ii) dQf/du = (-vi + vi+2 112 
(iii) d 2 Qi/du2 = (vi - 2vi+l + vi+2) (2.4.8) 

where Q i  i s  Qi (u) evaluated a t  a j o i n t  i + l ,  V i ,  V i + l ,  and vi+2 are 

adjacent con t ro l  vert ices,  and u i s  a parametrization. One can 

i n t e r p r e t  Eq. 2.4.8 more geometrical ly as fol lows: 

(1)  The B-spline curve passes through a p o i n t  p t h a t  i s  the 1/3 po in t  o f  

t he  median o f  the t r i a n g l e  formed by 3 sequential ver t ices,  as shown 

i n  Fig. 2.4.6 

(2)  The f i r s t  d e r i v a t i v e  vector a t  p, dQi/du, and the secnd d e r i v a t i v e  

vector a t  p, d2Qi/du2, can be i n te rp re ted  geometrical ly, as shown i n  

Fig. 2.4.6. 

Using the above 6-spline cha rac te r i s t i cs ,  one can make the B-spline 

curve segment begin o r  terminate a t  a desired point .  

two o f  the techniques are summarized below. 

i n  Refs. 39 t h r u  43. 

For convenience, 

More d e t a i l s  can be found 
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'. 
' 
\ 

i +2 V 

du2 

Figure 2.4.6 Geometric Interpretation o f  8-Spl ine Basic Features 

( i )  Trip 

One 

curve by 

e vertex techn 

can define two 

que 

additional segments a t  the beginning of the 

The curve then begins a t  vo = Q-l(0). 

curve segments Q m - l ( u )  and Q m ( u )  t o  make the curve end a t  v,. 

Similarly, one can define two 
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( i i )  Phantom ver tex technique. 

An a l t e r n a t i v e  way of c o n t r o l l i n g  the  s t a r t i n g  o r  ending po in t  o f  a 

curve i s  t o  de f ine  a phantom ver tex and a corresponding curve segment. 

Let  v - ~  be a phantom ver tex fo r  t he  i n i t i a l  segment and vm- l  be a 

phantom ver tex fo r  the  terminal  segment. Then, the  i n i t i a l  curve 

segment Qo(u) can be defined as 

(2.4.10) 

I n  a s i m i l a r  way, terminal  segment Qm-l(u) can be defined us ing {vm-*, 

~ m - 1 ,  vm, V m + l l *  
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111. REGULARITY OF VELOCITY FIELDS 

3.1 In t roduc t i on  

When a pe r tu rba t i on  i s  given t o  t he  boundary r ,  t h e  v e l o c i t y  f i e l d  

i n s i d e  the domain n i s  not unique. 

design v e l o c i t y  f i e l d  i n s i d e  t h e  domain, consistent w i t h  smoothness 

requirements. A s u f f i c i e n t  cond i t i on  f o r  r e g u l a r i t y  o f  the v e l o c i t y  

f i e l d  i s  given i n  Ref. 21. It i s  des i rab le t o  reduce these requirements 

One has great freedom i n  se lec t i ng  a 

f o r  ce r ta in  c lass o f  problems, s ince a v e l o c i t y  f i e l d  w i t h  lower order 

r e g u l a r i t y  i s  easier t o  const ruct  and manipulate. One example by Lee 

and Choi [22] shows t h a t  t o o  much r e l a x a t i o n  (using a Co-velocity f i e l d  

i n  an appl icat ion i n  which a C*-velocity f i e l d  i s  suggested by the  

s u f f i c i e n t  cond i t i on )  can r a i s e  d i f f i c u l t y  i n  shape design s e n s i t i v i t y  

analysis. Therefore, i t  i s  h e l p f u l  t o  know how much the  r e g u l a r i t y  

requi  rement can be re1 axed . 
Analy t ica l  experiments are performed on a uni formly loaded uni form 

can t i l eve r  beam by i n t roduc ing  domain sub-div is ions and d i f f e r e n t  

v e l o c i t y  f i e l d s ,  t o  eval uate regul  a r i  t y  requi  rements on the  desi gn 

v e l o c i t y  f i e l  d . 
Data f o r  t h i s  t e s t  are as fol lows: beam length i s  L, moment o f  

i n e r t i a  o f  the beam cross-section i s  I, Young's modulus i s  E, and the 

uni formly d is t rubuted load i s  f, as shown i n  Fig. 3.1.1. 

k inemat ica l ly  admissible displacements i s  

The space o f  
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L . .  
b,= I b2= 

2 Z = {Z f H (0,L) : ~ ( 0 )  = zx (0 )  = 0). 

f '  

The design v a r i a b l e  b i s  t h e  length of t h e  beam, where bl and b2 

(b,+bb, 1 ( b2+6 b2 1 
(b+6 b) 

a r e  t h e  lengths of each sub-domain Qi. Also, 6bl and 6b2 are  design 

v a r i a t i o n s  of b l  and b2, respect ively.  

1' 

"2 l 
a )  Or ig inal  Shape 

F igure  3.1.1 Beam Configuration 
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3.2 Formulation 

Consider a func t iona l  t h a t  defines the  value of displacement a t  an 

i so la ted  po in t  x€(O,L) as 
n 

(3.2.1) 

A 

where T(x)  i s  t he  Dirac &measure and x i s  a f i x e d  po in t  i n  the  beam. 

Using Eqs. 2.2.16 and 2.2.17 and neglect ing to rs ion ,  one has [19] 

A - L 

0 
$' = a(i,.A) - 6(x - x)  (zxV)dx 

J 

(3.2.2) 

where X i s  the  so lu t i on  o f  t he  a d j o i n t  equation 

L 

0 
a(A,q = T(x - i )  dx, f o r  a l l  F €  Z (3.2.3) 

For comparison, one can ob ta in  a shape design s e n s i t i v i t y  formula 

using the boundary approach, which i s  given i n  terms of the  boundary 

v e l o c i t y  f i e l d  as [21] 

A shape design s e n s i t i v i t y  formula can a lso  be der ived using the  

domain approach, which i s  given i n  terms o f  the  v e l o c i t y  f i e l d  and i t s  

, de r i va t i ve  throughout the  domain. Assume the  domain i s  d iv ided i n t o  two 

regions w i th  equal length. Then, the  v a r i a t i o n a l  form of the  governing 

equation i s  



a ( z , T )  = 10, for a l l  T c z 

where 
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(3  - 2  -5) 

L 

0 
fie) = I fy dx 

Taking t h e  v a r i a t i o n  of Eq. 3.2.5 and using Eqs. 2.2.16 and 2.2.17, 

one obtains 

- L 

0 
= I Wixx z xx ) dx 

L 

0 
+ I (fy)Vx dx, for  a l l  Y E  Z (3.2.6) 

Since 3; € Z i s  a r b i t r a r y ,  one may evaluate Eq. 3.2.3 a t  x = 2 t o  obta in  

- L 

0 
a(X,;) = I 6(x-;) i dx 

S i m i l a r l y ,  one may evaluate Eq. 3.2.6 a t  7 = X t o  obtain 

L 
+ ( f x )  Vx dx 

0 

(3.2.7) 

(3.2.8) 
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Since the energy b i l i n e a r  form a( ., .) i s  symmetric, Eqs. 3.2.2, 3.2.7, 

and 3.2.8 y i e l d  

2 i i + ,i Idx  
xx x xx JI' = 1 I [3EI(zi Xi )Vi + E I ( z  X xx xx x x xx i = l  ai 

i A - 2 L 
+ 1 I (fXi)Vl dx - I S(x - x)(zxV ) dx 

i = l  ni 0 
(3.2.9) 

as t h e  sum of i n t e g r a l s  over two subdomains, since de r i va t i ves  o f  design 

v e l o c i t y  f i e l d  may be discontinuous a t  x = L/2. 

3.3 Ana ly t i c  Test 

Based on the  simple beam theory, t he  displacement f i e l d  due t o  

uni formly d i s t r i b u t e d  load can be expressed, as 

O < x < L  2 2 
z(x) = - fx (x2  - 4Lx + 6 1  ) 24E I (3.2.10) 

The ad jo in t  displacement f i e l d  due t o  t h e  a d j o i n t  load of Eq. 3.2.3 i s  

O < x < L  (3.2.11) 1 2 
X ( x )  = (<x - L>3 - x3 + 3Lx ) 

A 

Shape design s e n s i t i v i t y  o f  t he  displacement o f  p o i n t  x = L i s  now t o  be 

analyzed. A cant i - lever  beam w i t h  i n t e r n a l  sub-div is ion a t  L/2 i s  shown 

i n  Fig. 3.2.2. Also i n  the f igure,  t h ree  d i f f e r e n t  v e l o c i t y  f i e l d s  are 

g i  ven , with the f o l  1 owi ng proper t ies : 
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( i )  System - I ;  piecewise l i n e a r  v e l o c i t y  f i e l d  w i t h  slope 

d i s c o n t i n u i t y  a t  x = L/2 (a Co v e l o c i t y  f i e l d ) .  

System - 11; two quadrat ic v e l o c i t y  f i e l d s  j o ined  together t o  

sa t i s f y  slope con t inu i t y  a t  x = L/2 (a C1 v e l o c i t y  f i e l d ) .  

System 111; l i n e a r  v e l o c i t y  f i e l d  throughout the  domain (a C1 

v e l o c i t y  f i e l d ) .  

(ii) 

(iii) 

The ana ly t i ca l  expression fo r  the  v e l o c i t y  f i e l d  f o r  each system 

can be w r i t t e n  as fo l lows:  

For System I ,  

1 2K6b v ( x )  = -L x 

2 ( 1  K 6b V2(x) = K6b + ( x  - $) < x < L 

For System 11, 

F ina l l y ,  f o r  System 111, 

O < x < L  6b 
V ( X )  = L  x 

From Eqs. 3.2.10 and 3.2.11, one obtains 

(3.2.12) 

(3.2.13) 

(3.2.14) 
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1 

n a, 

Sys tem-I 

1 
I 
I 

I 

System- I I 

V 

System-I11 

Figure 3.2.1 Three Systems 
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- 3Lx2 + 3L x )  zx =m(x 2 l  zxx= f (x2  - 2Lx + L2) 

= m  
(-x2 + 2Lx)t 

) 1 xxx= (-x + L) 
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( 3  -2.15) 

(3.2.16) 

Considering t h a t  a per turbat ion of 6b i s  given a t  the free end, 

wh i l e  the  other  end remains fixed, the predic ted change by the  boundary 

approach can be obtained immediately. Using Eq. 3.2.4, one has 

(3.2.17) 

which i s  t he  co r rec t  resu l t .  

Applying the  domain approach t o  System-I, which has a piecewise 

l i n e a r  Co-velocity f i e l d ,  the d e r i v a t i v e s  of v e l o c i t y  f i e l d  are, f r o m  

Eq.  3.2.12, 

1 2K6b 
vx =2 0 < x  

Subs t i t u t i ng  Eqs. 3.2.15, 3.2.16, and 3.2.18 i n t o  Eq. 3.2.9 y i e l d s  
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L 

I 

2 1 K)6b L 

+ jL 3EI(&) ( x 2  - 2Lx + L2) (&) (-x + L) -+, dx 

+ 1 f(m)(-x3+3Lx2) dx + IL f ( m ) ( - x  +3Lx ) 

s 
L 
' 2 1  L 1  3 2 2(1-K)6b,dx 

- 
2 0 

(3.2.19) = (m) f L3 (d) (184K + 36) 

Note that  Eq. 3.2.19 i s  a func t i on  o f  v a r i a b l e  parameter K. This r e s u l t  

cannot be t rue ,  s ince t h e  s t a t e  change must be unique once a normal 

design pe r tu rba t i on  i s  given a t  t h e  boundary. 
.. 

Next, t h e  domain approach i s  appl ied t o  system-11, which has a C1- 

v e l o c i t y  f i e l d .  

using Eq. 3.2.13 as 

One can ob ta in  t h e  d e r i v a t i v e s  o f  t he  v e l o c i t y  f i e l d  

L 
(3  .2 -20) 

J 86b2 
2 -  + X < L  

vxx - 7  
Subs t i t u t i ng  Eqs. 3.2.15, 3.2.16, and 3.2.20 i n t o  Eq. 3.2.9, one has 
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L 

f 3 2 2 1 86b1 
+ (m) (x  - 3Lx + 3L x )  (n) ('X + L) (- ,+ 

L 

86b1 

L 
+ (m) f (x2 - 2Lx + L 2 1  ) (m) (-x2 + 2Lx) (- ,7)] dx 

f 3 2 2 1 86b2 
+ (m) (x - 3Lx + 3L x )  (m) (-x + L) (.+ 

L 

86b2 

L 
+ (&)(x2 - 2Lx + L 2 1  ) (m) (-x2 + 2Lx) (,7)] dx 

L 46bl  + J ' 2 1  f(m) (ox3 + 3Lx 2 ) (- -7) (2x - L) dx 

0 L 

L 1  2 46b2 
+ JL f(m) ( -x3 + 3Lx ) (-7) (2x - L) dx 

L 7 

-(ET)( fL3 6b 1 + 6b2) 

(3.2.21) 

Note t h a t  the  r e s u l t  o f  Eq. 3.2.21 i s  the  same as the r e s u l t  o f  the  

boundary approach Eq. 3.2.17, but  d i f f e r s  from Eq. 3.2.19. 

The ve loc i t y  f i e l d  o f  System-111 i s  a special  case o f  system-I, 

Therefore, one can get the  pred ic ted  s e t t i n g  the parameter K = 1/2. 

change f o r  System-I11 by evaluat ing Eq. 3.2.19 wi th  K = 1/2 as 
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f L3  1 $b = (m) (m) (184 + 36) bb 

(3.2.22) fL3  
= (m) 

which i s  t h e  cor rec t  resu l t .  

Note t h a t  t he  predic ted changes are exact for  C1 o r  more smooth 

ve loc i t y  f i e l d s ,  as i n  Systems-I1 and -111. 

As a theo re t i ca l  check t o  see why d i f f i c u l t y  a r ises  w i th  on ly  a Co- 

ve loc i t y  f i e ld ,  one can apply the  domain approach t o  System-I, and take  

t h e  slope d i s -con t inu i t y  a t  x=L/2 i n t o  considerat ion.  The second 

de r i va t i ve  Vxx can be def ined as 

Using Eq. 3.2.23, the  predic ted displacement change i s  

2 L 

0 
A )  0 -  

+ J ( z X  Axx + zxx x 

(3.2 2 3 )  

f L3 
= (SEi;) 

which i s  cor rec t .  

(3 .2.24)  
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c 

It i s  shown i n  Ref. 21 tha t ,  i f  mapping T ( x , T )  of Eq. 2.2.1 i s  a Cp 

homeomorphism, the Sobolev space Hm(Q) f o r  m G p i s  preserved 

by T(x,r).  

Cp regu la r  w i th  p > m where 2m i s  t he  order of the governing 

d i f f e r e n t i a l  equation. 

regul  a r i  ty  i s 

I n  other words, i t  i s  s u f f i c i e n t  t h a t  the design v e l o c i t y  be 

For the beam problem, m = 2 and s u f f i c i e n t  

V ( X )  c cP, w i t n  p > 2 (3.2.25) 

Results o f  Systems-I1 and -111 show t h a t  a Dirac type o f  

s i n g u l a r i t y  can be avoided by imposing smoothness condi t ions between 

sub-domai ns . For 

v e l o c i t y  V should 

continuous second 

r e s u l t s  show t h a t  

t h i s  spec i f i c  example (beam problem), the design 

have a continuous f i r s t  d e r i v a t i v e  and a piecewise 

der ivat ive,  o r  V i s  contained i n  C n 0 . These 

the smoothness requirement for  t h i s  example i s  lower 

1 2  

by one than the r u l e  o f  Eq. 3.2.25. However, i t  must be understood t h a t  

Eq. 3.2.25 i s  a s u f f i c i e n t  condi t ion t h a t  covers a l a rge  c lass o f  

problems, g i v i n g  a general guidel ine f o r  se lec t i ng  the design v e l o c i t y  

f i e l d .  

Note t h a t  shape design s e n s i t i v i t y  formulas for  a beam component i n  

Eq. 2.2.16 and a p l a t e  bending component i n  Eq. 2.2.27 have the same 

h i  ghest order d e r i  v a t i  ves of the desi gn vel  oc i  t y  , both vel oc i  t y  f i e l d s  

should posesses the same order of r e g u l a r i t y .  

appl ied t o  the e l a s t i c i t y  problem. 

plane e l a s t i c  component i n  Eq. 2.2.20 has only a f i r s t  d e r i v a t i v e  o f  

The same argument can be 

The design s e n s i t i v i t y  formula f o r  a 



64 

design ve loc i t y .  

e l a s t i c  component must be a t  l e a s t  Co. 

This means t h a t  the design v e l o c i t y  f i e l d  f o r  an 

As a summary, one may use the  s u f f i c i e n t  cond i t i on  o f  Eq. 3.2.25 i n  

const r u c t i  ng desi gn v e l o c i t y  f i e l  ds . However, i n  some cases the 

r e g u l a r i t y  requirement can be relaxed, as shown above. One should 

c a r e f u l l y  apply t h i s  t e s t  i n  each case a lower l e v e l  o f  r e g u l a r i t y  i s  

used, since the  range o f  a p p l i c a b i l i t y  i s  s t i l l  an open question. 

This study of r e g u l a r i t y  of v e l o c i t y  f i e l d  i s  appl ied t o  the shape 

design s e n s i t i v i t y  analysis of a plate-beam-truss b u i l t - u p  s t ruc tu re  i n  

Chapter 4, with success. 
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I V .  NUMERICAL EVALUATION OF THE DOMAIN APPROACH 

c 

4.1 I n t roduc t i on  

The domain approach f o r  shape design s e n s i t i v i t y  analys is  and 

regul  a r i  t y  requi  rements on the desi  gn v e l o c i t y  f i e l d  devel oped i n 

Chapters 2 and 3 are appl ied here t o  example probiems. 

c a l c u l a t i o n  o f  shape design s e n s i t i v i t y  o f  a square box i s  presented i n  

Section 4.2. The square box i s  an extremely s i m p l i f i e d  model o f  a wing- 

box s t ructure.  A study o f  t h i s  square box can, however, provide a basis 

f o r  study o f  t h e  wing-box. The second example t rea ted  i s  shape design 

s e n s i t i v i t y  analys is  o f  a plate-beam-truss b u i l t - u p  s t r u c t u r e  i n  Section 

4.3. This problem i s  geometr ical ly simple. However, it demonstrates 

s ingu la r  behavior near component boundaries ( i  n ter faces)  t h a t  may cause 

t r o u b l e  when one uses the boundary approach f o r  SDSA wi th  the  f i n i t e  

e l  ement method [ 221 . 

F i r s t ,  numerical 

-. 

4.2 SDSA o f  a Square Box 

As a f i r s t  numerical t e s t  of the domain approach t o  shape design 

s e n s i t i v i t y  analysis, a square box i s  analyzed. 

the domain approach i s  compared t o  r e s u l t s  obtained w i t h  the boundary 

approach . 

Results obtained w i t h  
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Patch 
# 

n2 

n3 

n4 

% 

4.2.1 System Description 

Vel oci t y  Field 
De f i n i t i  on 

vi = (6L/L)xl  + (6w/w)x2 i = 1 , ~  

Vi = (6L/L)xl  + (6H/H)x3 , i = 3,4 

V 5  = (6W/W)x2 + ( S H / H ) X ~  

Consider a square box shown in F i g .  4.2.1. The box consists of 

five plane elastic components; t o p ,  bottom, two sides, and end. 

domains (or patches) and boundary interfaces are numbered i n  F ig .  4.2.1 

Sub- 

for convinience. Shape design variables of the system are length L ,  

height H ,  and depth.W o f  the box. 

A Co-velocity field i s  required on each plane elastic component. 

I t  suffices t o  use piecewise linear velocity fields on each patch,  which 

are given i n  Table 4.2.1. Note t h a t  6L, 6H, and 6W are design changes. 

Table 4.2.1 Velocity Fields on Each Patch 

External loads are applied along the edges of the t o p  surface, 

r13' r14, and r15, w i t h  constant magnitude T act ing in the positive x3- 

direction, w i t h  units of l b / i n .  The state variables f o r  this structure - 
are defined for each component as 
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c 

r03 

x3 

(a )  Dimensions o f  Square Box 

f 

r O 1  

\ 

23 

r2C -\ 
/ 

r04 

r02 x2 ' 

(b)  Numbering of subdomains 
and I n t e r f a c e s  (view i n  
(-)x-di r e c t i o n )  

n n3 

L 
( c )  Local Coordinate on D-veloped 

Figure 4.2.1 Square Box 

View 
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1 z1 on n ( top)  

2 z2 on n (bottom) 

3 z3 on (s ide 1) 

4 z4 on $2 (s ide  2)  

5 z5 on $2 (end) 

I n  vector form, the  s t a t e  var iab le  i s  thus 

Boundary condit ions a r e  

(4.2.1) 

zi = o along ro = rO1 ’ r02 ’ r03 ” r04’ i = 1, 2, 3, 4 

In ter face condit ions are  

1 3  
z1 = z1 On r13 

On r14 
1 4  z1 = Zl 

1 5  
On r14 z2 = z1 

2 3  
On r23 z1 = z1 

2 4  
On r24 z1 = z1 
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. 

. 

3 5  
z2 = z2 On r35 

4 5  
z2 = z2 On r45 

2 5  
z2 = z1 On r2/5 

and 

r15 i n  t he  plane o f  nK, and where n .  i s  the  outward normal t o  r13, rI4, K 
J 

5: "j (2  t hj L O  along other  in ter faces.  
J 

One may now def ine  the  set Z o f  k inemat ica l l y  admissible displacement 

f i e l d s  as fo l lows : 

Z = {z: z = (z1,z2,z3,z4,z5) such t h a t  a l l  t he  above boundary 

i n te r face  condi t ions are s a t i s f i e d )  

The va r ia t i ona l  form o f  t he  governing equation i s  

where 

(4.2.2) 

(4.2.3) 
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(4.2.4) 

w i t h  r as the  boundary on which the  uniform l i n e  load T i s  applied. 

The governing equation i s  given for  completeness. 

s e n s i t i v i t y  formula der ivat ion,  the procedure explained i n  Chapter 2 i s  

followed. 

2 
For shape design 

4.2.2 Shape Design S e n s i t i v i t y  Formula 

As explained i n  Chapter 2, shape design s e n s i v i t i t y  c o e f f i c i e n t s  

f o r  the assembly of components i s  obtained by summing design 

s e n s i t i v i t i e s  associated w i t h  each component. However, f o r  t h i s  f i r s t  

example, a more d e t a i l e d  procedure i s  taken f o r  b e t t e r  understanding. 

Using Eqs. 2.2.20 and 2.2.36, one obtains the  mater ia l  d e r i v a t i v e  

o f  t h e  energy b i l i n e a r  form as the  sum o f  t he  mater ia l  d e r i v a t i v e s  o f  

each component 
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f 

S i m i l a r l y ,  one can ob ta in  the mater ia l  d e r i v a t i v e  of load l i n e a r  form, 

using E q .  2.2.21, as 

where 'T('j I k-di re  i s  tangent ia l  v e l o c i t y  i n  the  k -d i rec t ion  a t  p o i n t  

Pj. Note t h a t  the  l a s t  four  terms denote corner terms due t o  movement 

o f  corner po in ts  P 1  and P2 i n  Fig. 4.2.1 [23]. 

4.2.6, and 2.2.37, one obtains 

From Eqs. 4.2.5 and 
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Consider the von Mises y i e l d  s t ress funct ional ,  averaged over a 

small region ( o r  f i n i t e  element) d'c Q as 
q '  

l# = II 0 ( 4 z 9 ) )  Mp dQ (4.2.8) 
n 4 

where 4 i s  t he  von Mises y i e l d  s t ress w i t h  4 = [ulf 2 2  u2$ 3 ~ ~ ~ - u ~ ~ u ~ ~ ]  2 1/ 2 

and Mp i s  a c h a r a c t e r i s t i c  f unc t i on  on Qp, defined as 

on np 
M p  = 

One can f i n d  the  mater ia l  d e r i v a t i v e  of Eq. 4.2.8, using Eq. 

2.2.37, t he  a d j o i n t  va r iab le  method E i .  2.2.41, t he  l a s t  term o f  Eq. 

2.2.45, and Eq:4.2.7, t o  ob ta in  

+ I [I (V(TiXi) n)  ( V  n ) ]  d r  - I 
r2 i r2 i 

1 (V(TiXi) V )  d r  
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where X i s  t he  s o l u t i o n  o f  the a d j o i n t  equation 

. 

. 

a ( L  x) = I! { 1 $ ( 2 ' )  p)} Mp dn, for  a l l  T €  Z (4.2.10) 
0 i,j i j  
9 

For comparison, the  boundary approach t o  SDSA can be der ived as 

c211 

* ** * 
+ u. (z )nj((V+ - VXi) n ) ]  (V n) d r  1 j  

+ II 1 [u..(z ) & . . ( A  * ) - u i j (z '  *.* ) E . . ( X  ** ) ]  ( V  n)  d r }  rst i ,j 1J 1J 1J 

+ [I (V(TiAi) n )  ( V  n ) ]  d r  - I 
r2 i r2 i 1 ( V ( T i ~ i )  V )  d r  

(4.2.11) 

where yst i s  a i n te r face  between two adjacent components ns and nt, 

w i t h  ySt - 
respec t ive ly .  

normal t o  r 

and Z* and z** are  the  displacements of these components, 

Also, I' i s  the boundary o f  Qp and n i s  t he  outward 
- y ts  

P 

P. 
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4.2.3 Numerical Results 

The square box i s  d i s c r e t i z e d  i n t o  320, 8-noded, isoparametr ic 

f i n i t e  elements, having 993 nodes and 1,886 a c t i v e  degrees-of- freedom. 

External load i s  appl ied along t h e  edge of t he  top surface, w i t h  4.77 

i b / i n  i n t e n s i t y  i n  the global p o s i t i v e  x3-direct ion.  Young's modulus 

and Possion's r a t i o  are 1.0 x lo7 and 0.316, respect ive ly .  The 

thickness of each member i s  0.1 inch. 

For comparison, shape design s e n s i t i v i t y  analysis i s  performed 

using the boundary approach of Eq. 4.2.11 by per turb ing the height  o f  

t h e  box. Results are given i n  t h e  Table 4.2.2. Notice t h a t  accuracy 

( r a t i o  between predic ted change and actual  change) o f  shape design 

s e n s i t i v i t y  i s  not acceptable. 

The same shape design s e n s i t i v i t y  analysis i s  performed using the  
- 

domain approach o f  Eq. 4.2.9. The r e s u l t  is given i n  Table 4.2.2. Note 

t h a t  the measure of accuracy ( r a t i o  between predic ted change and actual  

change) l i e s  i n  the range o f  100 f 5%, except i n  elements 274, 282, and 

284 o f  Table 4.2.2. However, one may note t h a t  those elements are i n  

low stress regions and the actual  changes are small compared t o  others, 

thus precis ion i s  l o s t  dur ing f i n i t e  d i f ference c a l c u l a t i o n  

of [$(bo + bb) - $(bo)]/$(bo). 

I n '  Table 4.2.3, shape design s e n s i t i v i t y  analys is  r e s u l t s  for  a 

second t e s t  o f  the box ( l eng th  as the  design va r iab le )  are given. 

t h a t  the accuracy measure l i e s  i n  the  same range as before. 

elements 185, 188, 257 t h r u  263, 265, 266, 271, 274, and 285, the 

predicted values are less accurate than others. 

o f  actual changes A$ = [$(bo + db) - $(bo)] f o r  those elements are 

Note 

For 

However, the magnitudes 
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Table 4.2.2 SDSA Result f o r  Square Box 
Using Boundary Approach 
(Height as Design) 

El t Von Mises Stress Actual Predict Ratio x 100 
# OLD NEW Change Change x 

3 39 -877 38-607 -1 ,271 -0 . 981 77,218 

9 84.752 82.130 -2 621 -1.806 68 -884 

12 31.402 30 . 424 -0.978 -0.739 75.584 

ia 51.390 49 744 -1 ,646 -1.299 78.913 
19 36 -390 35 . 256 -1.134 -0 . 932 82.199 

26 . 47.776 46.215 -1,561 -1 . 544 98.956 
27 33.717 32.671 -1.046 -0.918 87.769 

-----------_-_---_--~-o~oo---------~-o--------------------------- 

TOP 1 100 -634 97 . 713 -2.921 -1.231 42.131 
2 55.674 53.927 -1.747 -1 -260 72.135 

4 33.640 32.574 -1.066 -0 . a25 77.361 

10 54.117 52.396 -1 721 -1.293 75.133 
11 38,092 36 . 889 -1.203 -0,968 80.464 

17 71.556 69.202 -2.355 -1 741 73.926 

20 29.101 28.223 -0.878 -0.611 69 . 607 
25 63 . 926 61.746 -2.180 -1.571 72 -046 

28 25.627 24 . 882 -0 745 -0.417 55 . 990 
33 58.139 56.116 -2 . 022 -1 -841 91.045 
34 43.894 42 . 435 -1.459 -1.645 112.790 

36 21.280 20 674 -0.606 -0 176 29 . 104 
43 26.279 25 . 441 -0 . a38 -0 . 480 57.337 
44 18.051 17.498 -0 553 -0.138 24.940 

35 30.186 29 . 242 -0.944 -0.771 ai -655 

41 52.170 50.354 -1.816 -2.765 152.298 
42 38.922 37 . 626 -1.296 -1.129 a7 . 097 
49 43 708 42 . 247 -1.461 -2 -394 163.781 
50 31.544 30 . 518 -1 -026 -0 783 76.308 
51 23.751 22 . 926 -0.825 -0 . 678 82.142 

57 28.211 27 . 406 -0 . a04 -0.505 62.833 
52 20 . 094 19.322 -0 . 773 -0.862 111.533 

58 26.031 25 . 078 -0 953 -1.543 161.945 
59 29.026 27 . 797 -1 -229 -2.116 172.175 
60 31 . 157 29.774 -1.383 -2 . 373 171.555 

SIDE1 129 
130 
131 
132 
137 

139 
140 
145 
146 

138 

171 -978 

127 . 953 
119 -633 
129 -443 

127.639 

105 . 705 
117.304 

144.285 

132 . 988 
120.844 

167.714 
140.276 
124 -235 
115.991 
126 . 595 
129 . 603 
123.937 
117.044 
103 . 260 
114.564 

-4 264 
-4 009 

-3.642 

-3 385 
-3 702 
-3.800 
-2 . 445 
-2.739 

-3.718 

-2. a48 

-10.550 
-0.569 
-1 124 
-1.050 
-17 597 
-3.479 
-1 -394 
-1.404 
-17.666 
-0.764 

247 -414 
14.194 
30.219 
2a.aia 
617 -858 
102.780 

722.498 
27.898 

37.659 
36 . 939 



Table 4.2.2 continued 

147 
148 
153 
154 
155 
156 
161 
162 
163 
164 
169 
170 
171 
172 
177 
178 
179 
180 
18 5 
186 .. 
18 7 
188 

END 257 
258 
259 
260 
261 
262 
263 
264 
265 
266 
267 
268 
269 
270 
271 
272 
273 
274 
275 
276 
277 
2 78 
279 
28 0 
28 1 
28 2 
28 3 

118.301 
115.086 
93 . 644 
103.049 
106 . 120 
104.972 
84.565 
91.349 
93.915 
93.154 
76.844 
80.706 
81.949 
8 1.234 
68 0597 
69.560 
70.093 
70 . 122 
55 . 101 
55.588 
.59.227 
60 -898 

43.062 
49 . 130 
53.527 
54.320 
52.277 
47.352 
38.161 
22.026 
42 . 606 
45.127 
47.240 
46.147 
42.773 
37 8348 
29.527 
26.142 
44 . 396 
40 . 949 
39.797 
36.623 
31.977 
27.134 
24.686 
31.839 
45 . 666 
39.156 
35.136 

115.132 
111.665 
91 . 443 
100 . 693 
103 . 469 
102 . 105 
82.598 
89.277 
91.677 
90.803 
75.138 
78 -899 
80.053 
79.317 
67.237 
68.041 
68 0533 
68 . 569 
54 . 259 
54.557 
58 -043 
59.585 

42.964 
48 8534 
52 . 527 
53.053 
50.894 
46 -036 
37.128 
21.363 
42.417 
44.959 
46.638 
45.203 
41 . 679 
36.309 
28.631 
25.019 
43.911 
40.931 
39.664 
36.211 
31 . 350 
26.357 
23.635 
30 . 339 
45.012 
39.157 
35.284 

-3 169 
-3.421 
-2.201 
-2.357 
-2.651 
-2 .8 67 
-1 -967 
-2.072 
-2.238 
-2.351 
-1 707 
-1.8 07 
-1 0895 
-1.917 
-1 0360 
-1 .519 
-1 0560 
-1.553 
-0.8 42 
-1.031 
-1 184 
-1 314 

-0.098 
-0.597 
-1 . 000 
-1 8268 
-1.383 
-1 0316 
-1 -032 
-0 663 
-0.189 
-0.168 
-0 603 
-0 944 
-1 0094 
-1 8038 
-0.896 
-1 123 
-0.485 
-0.018 
-0.133 
-0.412 
-0.627 
-0 . 777 
-1 8051 
-1.501 
-0.654 
0.001 
0.147 

-1 -278 
-1.395 
-17 . 710 
-0 . 492 
-1 . 120 
-1 . 103 
-16.821 
-0 409 
-1.537 
-0.212 
-16.429 
0.282 

-1 462 
0.382 

-1 0233 
0.346 
-7.825 
0.053 

-11 0464 
1.857 
-0.472 
-0 . 459 
-9.016 
-1 -017 
-0.566 
-0 . 528 
-0.622 
-0 . 599 
-0.414 
-0 260 
-7.311 
-0.683 
-0.656 
-0 . 662 
-0 . 609 
-0.480 
-0 . 408 
-0.749 
-6 . 642 
-0 298 
-0.278 
-0.326 
-0.369 
-0.444 
-0.710 
-1.045 
-6.351 
-0 033 
0.048 

76 

40.314 
40 . 764 
804.585 
20.895 
42.230 
38.476 

855.140 
19 . 761 
68.662 
9 -034 

962 . 725 
-15.586 
77.149 
-19.906 
90.676 
-22.768 
501 -744 
-3.395 

1361.241 
-180.119 
39 . 902 
34.920 

9180.063 
170 . 555 
56 . 562 
41.679 
44 . 946 
45.499 
40 -079 
39.252 

3864.989 
405.541 

70 . 104 
55.694 
46 . 260 
45.469 
66 . 688 

1368 -251 
1637.088 
208.631 
79.069 
58.821 
57.154 
67.571 
69.656 - 
971 -712 

32.407 

- 

108 .a31 

-3246.602 
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Table 4.2.2 continued 

c 

28 4 29.8 56 29.8 59 0 . 003 0.037 1072.141 
28 5 23.974 23,728 -0 246 -0.125 50.610 
28 6 20.182 19.539 -0 . 644 -0 . 489 75 . 990 
287 22.733 21.538 -1 195 -0.954 79 . 764 
288 34.960 33.279 -1.681 -1.183 70.385 

Table 4.2.3 SOSA Result f o r  Square Box 
Using Domai n Approach 
(Height as Design) 

El t Yon Yises Stress Actiial Predict  Ratio x 100 
# OLD NEW Change Change % ................................................................. 

TOP 1 100.63443 97.71343 -2.92100 -3.02560 103.58116 
2 55.67394 53.92664 -1.74729 -1.80964 103.56785 
3 39.87734 38.60680 -1.27054 -1.31552 103.54027 
4 33.64000 32.57416 -1.06584 -1.10330 103.51473 
9 84.75172 82.13030 -2.62142 -2.71628 103.61893 

10 54.11750 52.39635 -1.72114 -1.78240 103.55929 
11 38.09229 36.88886 -1.20343 -1.24584 103.52454 
12 31.40171 30.42382 -0.97790 -1.01214 103.50134 
17  71.55644 69.20184 -2.35460 -2.43981 103,61896 
18 51.39030 
19 36,38969 
20 29.10066 
25 63.92617 
26 47.77615 
27 33.71692 
28 25.62709 
33 58.13858 
34 43.89400 
35 30.18578 
36 21.28009 
41 52.16973 
42 38.92171 
43 26.27852 
44 18.05108 
49 43.70809 
50 31.54422 
51 23.75135 
52 20.09424 
57 28.21065 
58 26.03146 
59 29.02616 
60 31.15718 

49.74436 
35.25582 
28.22262 
6 1 . 74584 
46 21547 
32.67051 
24.88163 
56.11622 
42.43542 
29.2418 6 
20.67423 
50 . 35392 
37.62587 
25.44055 
17.49 795 
42.24665 
30.5 1825 
22.92610 
19.32151 
27.40639 
25 .O 7839 
2 7.79 707 
29.7 7414 

-1 64594 
-1 13386 
-0.8 78 0 3 
-2.18033 
-1 056068 
-1 -04641 
-0.74546 
-2.02236 
-1.45858 
-0 . 94391 
-0.6058 6 
-1.81580 
-1 .29584 
-0 -83797 
-0.55313 
-1 46144 
-1 002597 
-0.82525 
-0.77274 
-0.80426 
-0 . 95307 
-1.22909 
-1 38 304 

-1 . 70450 
-1.17384 
-0.90871 
-2.25854 
-1.61636 
-1.08343 
-0.77144 
-2 -09421 
-1.51070 
-0 -97748 
-0.62693 
-1 .8 79 75 
-1.34207 
-0 -86795 
-0.57285 
-1.51226 
-1 006236 
-0.8 5558 
-0.80181 
-0.83223 
-0 988 74 
-1.27622 
-1.43646 

103.55790 
103.52559 
103 -49418 
103 -58715 
103 A6736 
103 -53843 
103.48579 
103 -55295 
103 , 57378 
103.55581 
103.47671 
103.52165 
103 . 56740 
103.57855 
103.56495 
103.47719 
103 . 54706 
103 -67493 
103.76186 
103.47717 
103.74283 
103.83477 
103.86274 



78 

Tab1 e 4.2 .3 cont i nued 

BOTTOM 65 
66 
67 
68 
73 
74 
75 
76 
ai 
a2 
a3 
a4 
a9 
90 
91 
92 
97 
98 
99 
100 
105 
106 
107 
108 
113 
114 
115 
116 
121 
122 
123 
124 

SIDE 129 
130 
131 
132 
133 
134 
135 
136 
137 
138 
139 
140 
141 
142 
143 
144 
145 

86.28385 
49.20760 
35 . 10166 
29.26721 
75.61336 

33 . 1 6 758 
26.96837 
65 . 5 99 70 
31 -42032 

59.01335 
42 -63218 
29.11188 
21 -34630 
53.42710 
39 -32319 
26 . 2 6 198 
17 . 77022 
47.01331 
34 . 66051 
23.2 7 78 3 
16.13709 

27 . 64675 
22.48638 
20.66130 
21.39204 
25 . 40962 
31 -19434 
34.36406 

47 .a6338 

45 .5202a 

24 . 58 127 

37 .36988 

171.97848 
144 . 28 489 
127.95324 
119.63305 
114.3 1134 
11 1 -82036 
114.85173 
127.43202 
129.44261 
132.98811 
127 -63870 
120 -84447 
115 -99465 
113.02475 
109.97003 
102.30763 
105 . 70496 

82.99484 
47 . 318 34 
33.75394 
28.14580 
72 . 71050 
46 . 02199 
31.89516 

63 -06451 
43.76816 

23.64699 
56 . 72553 
40.98418 
27 -99637 
20 -54120 
51.35160 
37.79588 
25.25324 
17 . 10474 
33.31319 
22.38046 
15 . 52403 
35.9 18 12 
26.57968 
21.60390 
19.83577 
20 . 569 17 
24 . 401 17 
29.91584 
32.93564 

25 -93788 

30.21688 

45 . ia 366 

167 . 71438 
140.27579 
124 -23535 
115.99074 
110 -62116 
10 7 . 9 5 628 
110.55992 
122 . 52440 
126.59456 
129 -60304 
123.93687 
117.04449 
112 . 13318 
109.10592 
106.11951 
98 . 72379 
103.25986 

-3.28901 
-1 -88926 
-1 .34772 
-1 . 12141 
-2.90286 
-1 -84139 
-1.27242 - 1 . 03049 
-2 . 53519 
-1 .75212 
-1.20345 
-0.93428 
-2 28 78 2 
-1.64800 
-1.11551 
-0.80510 
-2.07550 
-1 -52731 
-1.00874 
-0 66548 
-1.82965 
-1.34731 
-0.89738 
-0 61306 
-1.45176 
-1 .06706 
-0 .88247 
-0.82552 
-0 -8228 7 
-1 e00845 
-1.27850 
-1 -42842 

-4 . 26410 
-4 009 10 
-3 7 1 78 9 
-3 64231 
-3.69018 
-3.86407 
-4 . 2918 1 
-4.90762 
-2.84805 
-3.38506 
-3 7018 3 
-3.79998 
-3.86147 
-3 . 9 188 3 
-3.85052 
-3.58384 
-2 44509 

-3 . 39641 
.-1.95116 
-1.39162 
-1.15766 
-2.99854 
-1.90177 
-1.31370 
-1.06359 
-2 . 61931 
-1 -80964 
-1.24241 
-0 . 96399 
-2 -36378 
-1 . 70249 
-1.15172 
-0.83036 
-2 -14435 - 1 . 5 78 16 
-1 .04169 
-0.68615 
-1 .89021 
-1 -39214 
-0 92693 

-1 a49927 
-1 . 10201 
-0.91262 
-0 e85490 
-0 -84901 
-1.04356 
-1 032590 
-1.48260 

-0 . 63284 

-4.41063 
-4.13931 
-3 -8 3449 
-3 . 75305 
-3.80276 - 3 . 98 556 
-4.43088 
-5.06634 
-2 .95053 
-3.48761 
-3 -8 128 6 
-3.91629 
-3 . 98045 
-4 .038 15 
-3.96507 
-3 69474 
-2 e53832 

103.26564 
103.27625 
103 . 2578 1 
103 . 23289 
103.29579 
103.27898 
103.24392 
103.21208 
103 . 3 1823 
103 . 28 330 
103.23730 
103.18063 
103.32000 
103 . 30660 
103 -24594 
103 . 13828 
103.31712 
10 3 . 329 18 
103.26607 
103.10558 
103 -30984 
103.32707 
103.29384 
103.22522 
103.27249 
103.27447 
103.41663 
103.55854 
103 . 17777 
103.48 124 
103.70736 
103.79333 

- 

103 -43639 
10 3 . 24788 
103.13623 
103 -04038 
103.05064 
103.14402 
103.24042 
103.23407 
103.59818 
103.02925 
102 -99912 
103.06096 
103.08108 
103.04454 - 
102.97474 
103.09456 
103 .8 1294 
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. 
Table 4.2.3 continued 

146 
147 
148 
149 
150 
151 
152 
153 
154 
155 
156 
157 
158 
159 
160 
161 
162 
163 
164 
165 
166 
167 
168 
169 
170 
171 
172 
173 
174 
175 
176 
177 
1 78 
179 
18 0 
18 1 
18 2 
18 3 
18 4 
18 5 
18 6 
18 7 
188 
18 9 
190 
191 
192 

END 257 
2 58 

117.30361 
118 -30094 
11 5 . 08 58 5 
110.95022 
106 -22925 
99.14657 
85 -65457 
93 -64369 
103.04949 
106.11978 
104.97155 
101.32153 
95 . 6 2943 
8 7.25962 
74.98447 
8 4.56467 
91.34894 
93.91524 
93.15356 
89.80530 
84.06349 
75.93268 
65 . 60454 
76 -84401 
80.70596 
81.94871 
81.23386 
78 . 26009 
72 . 71803 
64.95500 
56.29105 
68 . 59733 
69 A6015 
70.09274 
70.12211 
6 7.8 5988 
62 . 55606 
54.55658 
45.7 318 7 
55 . 10083 
55 . 58 78 5 
59.22714 
60 -89820 
59.44980 
54 -46755 
45.66123 
32.61714 

43.06239 
49 . 13032 

114 . 56425 
11 5 . 13183 
11 1 66459 
10 7.44962 
102.79248 
95.92302 
82.65421 
9 1.44257 
100.69251 
103.46860 
102.10465 
98.38944 
32.76005 
8 4.521 79 
72.34916 
82.59761 
89.27698 
91.67677 
90.80305 
87.42771 
8 1.71003 
73.60904 
63.29090 
75.13751 
78.89944 
8 0.05344 
79.31704 
76.35330 
70.81259 
63.0 18 63 
54.29555 
67.23706 
68.04109 
68.53318 
68 -56864 
66.31273 
61.00636 
5 2.98 256 
44.1088 5 
54 2 58 66 
54.55671 
58 -04332 
59.58 460 
58.06919 
53.10190 
44.39 744 
31.53561 

42.96419 
48.53379 

-2 73937 
-3.16911 
-3.42127 
-3.50061 
-3.4 3676 
-3 -22355 
-3.00035 
-2.20111 
-2.35698 
-2.651 19 
-2.8 6690 
-2.93210 
-2.86939 
-2 73783 
-2.63531 
-1.96706 
-2.07196 
-2.23847 
-2.35051 
-2 37759 
-2.35346 
-2.32364 
-2 . 3 1364 
-1.70650 
-1 -80652 
-1.89527 
-1.91682 
-1 .go678 
-1 . 90544 
-1.93637 
-1 099550 
-1 -36027 
-1 5 1906 
-1.55956 
-1 A5346 
-1.54715 
-1 054970 
-1.57401 
-1 -62302 
-0.84218 
-1.03114 
-1.18383 
-1.31360 
-1 3 0 6 1  
-1.36565 
-1.26379 
-1.08153 

-0.09821 
-0.59653 

-2 .8 2433 

-3.51647 
-3 59917 
-3 . 53362 
-3.31679 
-3.09651 - 2 28 50 7 
-2.43365 
-2 72399 
-2.94150 
-3.00942 

-2.81852 
-2.71972 
-2.04206 
-2 . 1401 5 
-2 . 301 28 
-2 41224 
-2 -44060 

-2.39284 
-2 . 38 734 
-1 77203 
-1.86651 
-1 -95133 
-1.97041 
-1 -95968 
-1 . 96003 
-1.99462 
-2.05872 
-1.41412 
-1.57245 
-1 . 61089 
-1 60041 
-1.59164 
-1 A9491 
-1 .62196 
-1.67479 
-0 .8 78 1 1 
-1.07550 
-1.22911 
-1.35720 
-1 . 42205 
-1.40555 
-1.30200 
-1 . 11627 
-0.10655 
-0.62333 

-3.25755 

-2.948iO 

-2.41896 

103.10152 
102.79074 
102.78252 
102.81556 
102 .8 1814 
102 -89258 
103.20472 
103.8 1424 
103 . 2 528 2 
102.74617 
102.60214 
102.63719 
102 . 74292 
102.94697 
103.20290 
103.81273 
103.29122 
102.80579 
102 . 6261 1 
102 . 65009 
102 . 78294 
102.97791 
103.18539 
103.8 3995 
103 . 3 208 1 
102.95786 
102 . 79572 
102.77393 
102.86528 
103.008 56 
103.16854 
103 . 95861 
103.5 1504 
103.29152 
103.02234 
102 -87565 
102 . 9 1745 
103.04622 
103.18977 
104.26743 
104.30251 
103.82540 
103.31901 
103.00151 
102.92142 
103.02384 
103.21215 

108 A0170 
104.49200 
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Table 4.2.3 continued 

259 
260 
261 
262 
263 
264 
265 
266 
267 
268 
269 
270 
271 
272 
273 
274 
275 
276 
277 
278 
279 
28 0 
28 1 
282 
28 3 
284 
28 5 
286 
28 7 
288 

53 . 52694 
54 -32027 
52.27702 
47.35170 
38 . 16057 
22.02591 
42.60581 
45.12722 
47 -24021 
46 . 14709 
42 . 77325 
37.34775 
29.52699 
26.14174 
44.39629 
40.94931 
39.79717 
36 -62302 
31.97706 
2’7 . 13442 
24 . 68 5 56 
31 -83936 
45.66577 
39.15575 
35 . 13625 
29.85577 
23.9 741 1 
20.18210 
22 . 7331 7 
34.96003 

52 -52667 
53 -05260 
50.89411 
46 -03594 
37 . 12849 
2 1  . 36332 
42.41664 
44 . 95884 
46.63766 
45.20271 
41 . 67905 
36.30935 
28 . 63060 
25.01903 
43 . 9 1085 
40 . 93111 
39 . 66406 
36.21113 
31 -34971 
26 . 35 718 
23 . 63504 
30.33886 
45 . 0 12 16 
39.15678 
35.28374 
29 -85918 
23 . 728 07 
19.53853 
21 -53773 
33.27873 

-1 m00027 
-1.26766 
-1 38291 
-1.31576 
-1 -03208 
-0.66259 
-0 18917 
-0.16838 
-0.60255 
-0 . 94438 
-1.09419 
-1.03839 
-0.89639 
-1.12271 
-0.48544 
-0.01820 
-0.13312 
.-0 4 1188 
-0.62736 
-0 . 77724 
-1 -05052 
-1 -50051 
-0,65361 
0.00103 
0.14750 
0 -00341 

-0.24604 
-0 -64357 
-1 . 19544 
-1 68 131 

-1 -04084 

-1 -42855 
-1 -35624 
-1,06297 
-0.68699 
-0.21486 
-0.18060 
-0.62371 
-0 9 7535 
-1 12847 
-1.07113 
-0 93170 
-1 . 16931 
-0 . 5291 5 
-0,03538 
-0 . 13907 
-0 42241 
-0.64641 
-0 -80728 
-1 -09766 
-1 -56030 
-0 . 70665 
-0 -02103 

-1 -31371 

0.14909 
0 -00750 

-0,25508 
-0.67564 
-1 -24756 
-1 -74729 

104.05629 
103.63238 
103 -29994 
103 -07644 
102 -99386 
103.68263 
113.57790 
107.26023 
103 -5 1193 
103 . 27983 
103.13251 
103.15215 
103.93929 
104.15009 
109 -00276 
19 4 . 428 53 
104.47462 
fi2.55573 
103.03756 
103.86422 
104 . 48 742 
103.98524 - 
108 . 11477 

101 -07706 
219 -60867 
103.67386 
104 . 98 325 
104.36047 
103.92415 

-2040.93735 

Table 4.2.4 SDSA Result f o r  Square Box 
Using Domain Approach 
(Length as Design) 

E l  t Von Mises Stress Actual Predict  Rat io x 100 
# OLD NEW Change Change % .................................................... 

TOP 1 100.63443 103.78530 3.15087 3 -07549 
2 55.67394 58.23363 2.55969 2 . 50390 
3 39.87734 42.20731 2.32996 2.29028 
4 33.64000 35.95122 2.31122 2 . 28 1 13 
9 84.75172 86.95996 2 . 208 25 2.14499 

10 54.11750 56.63499 2.51750 2 . 47243 
11 38.09229 40.50634 2.41405 2.37384 
12 31.40171 33.73828 2.33657 2 . 3008 7 
17 71.55644 73.28717 1.73073 1.67965 
18 5 1 . 39030 53.53043 2 . 14013 2.10877 

------------- 
97 -60764 
9 7 -8 2047 
98 -29699 
98.69797 
97.13557 
98.21000 
98.33412 - 
98.47234 
97.04853 
98 . 53464 
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Table 4.2.4 continued 

. 

c 

19 
20 
25 
26 
27 
28 
33 
34 
35 
36 
41 
42 
33 
44 
49 
50 
51 
52 
57 
58 
59 
60 
61 
62 
63 
64 

BOTTOM 65 
66 
67 
68 
73 
74 
75 
76 
81 
82 
83 
84 
89 
90 
91 
92 
97 
98 
99 
100 
105 
106 
107 

36.38969 
29 . 10066 
63.92617 
47.77615 
33.71692 
25.62709 
58.13858 
43.89400 
30 . 18 5 78 
2 1 . 28 009 
52.16973 
38 -92171 
26.2 78 52 
18.05108 
43 . 70809 
3 1.54422 
23.75135 
20.09424 
28 -21065 
26.03146 
29.02616 
31 . 15718 
31.15718 
29.02616 
26 . 03146 
28 . 21065 
86 . 28385 
49.20760 
35 . 10166 
29.26721 
75.61336 
47.86338 
33.16758 
26.96837 
65.59970 
4 5.52028 
31.42032 
24.58127 
59 -01335 
42.63218 
29 . 11 188 
2 1 . 34630 
53.42710 
39.32319 
26.26198 
17.77022 
47.01331 
34 -66051 
23 . 2778 3 

38.66464 
31.38476 
65 . 38 354 
49 . 51865 
35 -65189 
27.63564 
59.36943 
45.30579 
31 . 68 205 
22.79503 
53.22842 
40.07670 
27.32058 
18.91286 
44.618 52 
32.41523 
24.28852 
2 0.332 28 
28 . 74663 
26.38137 
29.23143 
3 1 . 30541 
31.30541 
29.23143 
26 . 38 137 
28 . 74663 
89.52932 
5 1.70151 
37.35064 
31.49583 
78.0 1060 
50.30632 
35.4658 2 
29.18948 
67 . 47 18 5 
47.63719 
33.59012 
2 6.74014 
60.55661 
44 . 38 78 1 
30.98445 
23.26564 
54.71222 
40.7 68 50 
27.73868 
19.23274 
48 . 10625 
35.85638 
24.3 1058 

2.27495 
2.28411 
1.45737 
1.74250 
1.93497 
2.00855 
1.23085 
1.41179 
1.49627 
1.51493 
1 .OS369 
1 . 15500 
1 .a4206 
0.86178 
0.9 1043 
0.87101 
0.53717 
0 . 23804 
0.5359 7 
0 . 34990' 
0.20527 
0.14823 
0.14823 
0.20527 
0.34990 
0.53597 

3 -24548 
2 . 49391 
2.24899 
2.22862 
2.39724 
2 . 44294 
2.29825 
2.22111 
1.8 7214 
2.11691 
2.16979 
2.15887 
1 . 54326 
1 . 75563 
1.8 7257 
1.91934 
1.28512 
1.44531 
1.47670 
1.46252 
1.09294 
1.19587 
1.03275 

2 . 24349 
2.25004 
1.42286 
1 . 72446 
1.91733 
1.98508 
1.21307 
1.40998 
1.49238 
1.50010 
1.04999 
1.17203 
1.04642 
0.84558 
0.92291 
0 -88 778 
0.53220 
0.22397 
0 . 5902 1 
0.33047 
0.19831 

0.15058 
0.19831 
0.33047 
0.59021 

3.17833 
2.44280 
2.21072 
2.1 98 66 
2.34965 
2.40017 
2.25789 
2.18423 
1.8 3760 
2.08 78 7 
2.13633 
2.12160 
1.52421 
1 . 74194 
1.8 5249 
1.89200 
1.28203 
1.44731 
1.47071 
1.44528 
1 .lo137 
1.20787 
1.03340 

0. 15058 

98.61675 
98 -50847 
97 . 63145 
98 -96468 
99.08855 
98 -83146 
98 -55525 
99.8 7154 
99 . 74015 
99.02083 
99 . 1779 1 
101.47506 
100.41790 
98 . 12008 
101 -37149 
101 -92468 
99 . 07399 
94.09153 
110.11999 
94.44750 
96.60794 
10 1.58 78 0 
101 . 58 78 0 
96 . 60794 
94.44750 

11 0 . 11999 
97 .93089 
97.95028 
98 -29852 
98 -65573 
98 -01466 
98.24920 
98.24419 
98 -33964 
98 . 1 548 0 
98.628 10 
98.45749 
98 . 27359 
98.76615 
99.22044 
98 -92778 
98.57533 
99 . 75935 
100.13849 
99 . 59451 
98 -82123 
100 . 7 7 1 78 
101.00332 
100.06302 
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Table 4.2.4 continued 

108 
113 
114 
115 
116 
121 
122 
123 
124 

SIDE 129 
130 
131 
132 
133 
134 
135 
136 
137 
138 
139 
140 
141 
142 
143 
144 
145 
146 
147 
148 
149 
150 
151 
152 
153 
154 
155 
156 
157 
158 
159 
160 
161 
162 
163 
164 
165 
166 
167 
168 

16.13709 
37.36988 
27 . 64675 
22.48638 
20.66130 
21.39204 
25.40962 
31 . 19434 
34.36406 

171.97848 
144 . 28489 
127.95324 
119.63305 
114.31134 
111.82036 
11 4 -85 173 
127.43202 
129.44261 
132.988 1 1 
127 . 638 70 
120.84447 
11 5 . 99465 
113 . 02475 
109.97003 
102.30763 
105 . 70496 
11 7 -30361 
118.30094 
115.0858 5 
110 . 95022 
106.22925 
99.14657 
85.65457 
93 . 64369 

103.04949 
106.11978 
104.97155 
101.32153 
95 . 62944 
87.25962 
74.98447 
84  . 56467 
91.34894 
93.91524 
93.15356 
89 -80530 
84 . 06349 
75.93268 
65 . 60454 

16.92466 
38.29384 
28.51542 
22.95476 
20.81388 
21 -86005 
25.63305 
31.31165 
34 . 4628 3 

174.92077 
147.17610 
130 . 60632 
122.23507 
11 6.95689 
114 . 60309 
11 7.97635 
130.94177 
131.12998 
135.18474 
130 . 19 78 6 
123.52891 
118.74030 
115.79395 
112.59708 
104.61563 
10 7 . 078 36 
118 -88574 
120.29037 
11 7 -32766 
113.27138 
108.47626 
101.16379 
87.45312 
94 .8 1903 

104.29693 
107.59368 
106.62767 
103.03800 
97.29838 
88 .82320 
76.45953 
8 5 . 55652 
92 . 35470 
94.99255 
94.28 18 1 
90.94592 
85.20942 
77.10497 
66.80416 

0.78757 
0.92397 
0.86867 
0.46838 
0.15259 
0.46801 
0.22343 
0 . 11731 
0.098 77 

2.94229 
2.89121 
2.65307 
2 . 60202 
2 . 64555 
2.78273 
3 . 12462 
3 -50974 
1 A 7 3 6  
2.19663 
2 -55916 
2.68444 
2 . 74565 
2.76920 
2.62705 
2.30800 
1.37340 
1.58213 
1.98943 
2.2418 1 
2 -32116 
2.24701 
2.01721 
1 . 79855 
1.17534 
1 . 24744 
1.47390 
1.65611 
1.71647 
1.66894 
1 . 56358 
1.47505 
0 . 99185 
1.00576 
1.07730 
1 . 12825 
1 . 14062 
1.14593 
1.17229 
1 . 19962 

0.77243 
0.93633 
0.8 7661 
0 . 46698 
0.14922 
0 . 47243 
0.22547 
0 . 12479 
0.11078 

2 -83083 
2.72701 
2.55823 
2.52531 
2.57766 
2.71857 
3.05748 
3 . 43456 
1 . 63050 
2.13853 
2 . 49756 
2 . 61374 
2.68257 
2.71224 
2.57702 
2.25407 
1 . 30398 
1 . 53328 
1.94144 
2.19249 
2 . 27480 
2.20489 
1.97823 
1 . 75770 
1 . 12334 
1.19562 
1.43087 
1.61890 
1.68149 
1.63633 
1 . 53344 
1.44836 
0.94271 
0,95899 
1.03854 
1.09605 
1.11172 
1.11992 
1.15121 
1 . 18618 

98 .0772a 
101.33766 
100 -91393 
99.70162 
97.79369 

100.94410 
100.91448 
106 . 37442 
112.15702 

96 . 2118 1 
94.32052 
96.42536 
97.05197 
9 7.43403 
97 . 69435 
97.85138 
97.85795 
96 . 63030 
97.35510 
97 -59316 
97.36630 - 
97 . 70237 
97.94317 
98.09553 
97 . 66333 
94.94527 
96.91255 
97 0 5 8  745 
97 . 79982 
98.00300 
98 . 12533 
98 -06733 
97 . 72890 
95.57512 
95.84590 
97 -08052 
97.75267 
97.96232 
98.04628 
98 -07268 
98 . 1 90 18 
95.04516 
95 -35052 
96.401 47 
97.14540 
97 -4658 5 - 
97 . 7 308 0 
98 -20215 
98.87979 
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. 
Table 4.2.4 continued 

169 
170 
171 
172 
173 
174 
175 
176 
177 
1 78 
179 
18 0 
18 1 
18 2 
18 3 
18 4 
18 5 
18 6 
18 7 
188 
18 9 
190 
191 
192 

END 257 
258 
259 
260 
26 1 
262 
263 
264 
265 
266 
267 
268 
269 
270 
271 
272 
273 
274 
275 
276 
277 
2 78 
2 79 
28 0 
28 1 

76.84401 
80  . 70596 
81.94871 
81.23386 
78.26009 
72.71803 
64.95500 
56.29105 
68.59733 
69.56015 
70.09274 
70.12211 
67.8 5988 
62 . 55606 
54.55658 
45 . 7318 7 
55.10083 
55.58785 
59.22714 
60 A9820 
59 -44980 
54.46755 
45.66123 
32.61714 

43 -06239 
49 . 13032 
53.52694 
54 . 32027 
52.27702 
47.35 170 
38.16057 
22.02591 
42.6058 1 
45.12722 
47.24021 
46.14709 
42.7 7325 
3 7 034775 
29 . 52699 
26.14174 
44.39629 
40.94931 
39 . 7971 7 
36.62302 
31.97706 
27 . 13442 
24 . 68 5 56 
3 1.8 3936 
45.66577 

77 . 65623 
8 1 . 50506 
82.70473 
81.91789 
78.90258 
73.39538 
65.75554 
57.23964 
69 . 2 1429 
70.15992 
70.53774 
70.41920 
68.09515 
62.83363 
54.99360 
46.41994 
55.48157 
55.81064 
59.30341 
60.90101 
59.43476 
54.48607 
45 . 77325 
32.92948 

43.02243 
49.09116 
53.50754 
54.31034 
52.2 78 24 
47.36369 
38.16603 
22.00883 
42.62436 
45.11601 
47 . 2679 1 
46.19714 
42.82741 
37.38 730 
29.53403 
26 . 19295 
44 . 478 33 
40.96752 
39.82967 
36.66663 
32.018 14 
27.16644 
24.73067 
31.99465 
45.78814 

0.8 1222 
0 . 79910 
0 . 75602 
0.68403 
0 . 64249 
0 . 67735 
0.80054 
0.94859 
0.61696 
0.59977 
0 . 44500 
0.29709 
0.23527 
0.27757 
0.43702 
0.68807 
0.38073 
0 . 22279 
0.07627 
0.00281 

-0 . 0 1504 
0.01852 
0.11203 
0.3 1234 

-0.03996 
-0.03916 
-0.01940 
-0 . 00992 
0.00122 
0.01200 
0.00546 

-0.01708 
0 . 0 18 55 

-0.01121 
0.02770 
0 . 05005 
0.05416 
0 . 03956 
0.00704 
0.05121 
0.08203 
0.01822 
0.03250 
0 -04361 
0.04108 
0.03201 
0.04511 
0.15529 
0.12237 

0.75988 
. 0.75524 

0.72246 
0 -65822 
0.61966 
0.65803 
0 . 78 729 
0.94555 
0.53167 
0.56805 
0.41914 
0.28300 
0.22166 
0 . 26628 
0 . 4301 1 
0.69057 
0.05267 
0 . 29350 
0 . 06558 
0.00516 

-0 . 0 18 61  
0.01608 
0.11082 
0.31473 

0 -06560 
0.00872 

-0.00629 
-0 . 00222 
0.00657 
0.01579 
0 00 78 2 

-0.01706 
0.02982 

-0.025 10 
0.03331 
0.05727 
0 -06086 
0.04516 
0.01035 
0.05454 
0 . 08 544 
0.01337 
0.03146 
0.04665 
0.04544 
0 -03652 
0.04968 
0 . 16361 

93 . 5 558 2 
94 . 5 1046 
95.56134 
96.22771 
96 -44573 
97.14800 
98.34549 
99 -67962 
86.17570 
94.71189 
94.18829 
95.25776 
94 . 2 1444 
9 5 9 3328 
98.418 11 

100.36360 
13.8 3486 

131 -73681 
85 -99149 

184.09342 
123.72023 
86.83648 
98 -92143 

100.76460 

-164.15975 
-22.28038 

32 . 43450 
22 . 39806 

537.8 1326 
131.61393 
143.22216 
99 -88 79 1 

160.72709 
223.82650 
120.26333 
114.42115 
112.37168 
114.17577 
146 . 99528 
106.51004 
104.15643 
73.40770 
96 .BO740 

106.96071 
110.61912 
114.08903 
110.12954 
105.36131 

0.12677 103.59741 
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282 39.15575 39.19432 0.03857 0.03718 96,39331 
283 35.13625 35 , 16403 0.02779 0 . 02644 9 5 . 140 28 
284 29.85577 29.87675 0.02098 0.02200 104.88641 
285 23.97411 23.98394 0.00983 0 . 01220 124 . 06492 
286 20.18210 20.19824 0.01614 0.01924 119.19564 
287 22.73317 22.80974 0.07657 0.08197 107.05609 
288 34.96003 35.17924 0.21920 0.23069 105.24148 

smaller than others. Thus, the f i n i t e  d i f ferences may not be 

accurate . 

4.2.4 Discussion 

The above r e s u l t s  i n d i c a t e  t h a t  accuracy o f  t he  boundary approach 

f o r  bu i l t - up  s t ructures i s  poor, whereas accuracy o f  t he  domain approach 

i s  excel lent .  Note a l so  t h a t  d e r i v a t i o n  o f  shape design s e n s i t i v i t y  - 

formulas i s  g rea t l y  s i m p l i f i e d  by using the  domain approach. None o f  

t he  i n t e g r a t i o n  by parts, formal operator equations, o r  boundary 

i n t e r f a c e  condi ti ons are necessary dur ing d e r i v a t i o n  . Semi ti v i  t y  

r e s u l t s  are obtained by simply adding con t r i bu t i ons  from each component , 
as long as a l e g i t i m a t e  design v e l o c i t y  f i e l d  ( s a t i s f y i n g  r e g u l a r i t y  

requirements) i s  used throughout the domain . 

4.3 Plate-Beam-Truss Bui i t - u p  Structure 

In  t h i s  section, shape design s e n s i t i v i t y  analys is  o f  a plate-beam- 

t r u s s  bu i l t - up  s t ruc tu re  i s  performed, using the domain approach f o r  

shape design s e n s i t i v i t y  analysis.  The same problem was t rea ted  by t h e  

boundary approach i n  Ref. 22. 
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4.3.1 System Descr ip t ion 

Consider a bu i l t - up  s t ructure made up of p lates,  beams, and 

trusses, as shown i n  Fig. 4.3.1. 

g r i l l a g e  supported by four s e t s  of four-bar trusses. The dot ted l i n e s  

are support ing trusses, and s o l i d  l i n e s  are beam s t i f f n e r s .  

symetry o f  the s t ructure,  only one quar ter  o f  t he  s t ruc tu re  i s  shown i n  

the f igure.  It i s  assumed tha t  p la tes  and beams are welded together so 

t h a t  energy i s  not dissipated 4 u r i  ng defgrmati en . Desi gn var iab les f o r  

t h i s  b u i l t - u p  s t ruc tu re  are thickness ti (x,y) of each p l a t e  component, 

width d?(x) and the height  h?(x) o f  each l o n g i t u d i n a l  beam component, 

w id th  dk(y) and height  hk(3) o f  each transverse beam component, constant 

cross-sectional area A, o f  the 4-bar t russ  components, pos i t i ons  bl and 

b2 o f  t ransverse beams, and pos i t i ons  b3 and b4 of  l ong i tud ina l  beams. 

I n  vector form, t h i s  i s  

It i s  a modeled shape o f  a beam-plate 

Due t o  

J J 

It i s  assumed t h a t  the lengths of t he  t russes are fixed, but t h a t  they 

may change t h e i r  ground posi t ions,  and t h a t  the outside boundary o f  t he  

e n t i r e  s t ruc tu re  does not vary, i.e., only l oca t i ons  b i ,  i = l ,  2, 3, 4 o f  

t h e  beams are shape variables. 

Dimensions o f  t he  s t ructure and the numbering 

i n  both d i rec t i ons  are shown i n  Fig. 4.3.1. Coord 

po in ts  o f  beams and p la tes are supposed t o  be i n  t 

p la tes  and neutra l  axes of the beams. 

and spacing o f  beams 

nates o f  i n t e r s e c t i o n  

e mid-planes o f  the 
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Figure 4.3.1 Dimension and Numbering o f  Quar ter  Plate 
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Applied loads are 

i = 1, 2, ..., 9 

where fi(x,y) are def ined as d i s t r i b u t e d  loads on t h e  p l a t e  and the 

numbering convention on the sub-domains are a lso shown i n  Fig. 4.3.1. 

Domains of p lates,  l ong i tud ina l  beams, and transverse beams are denoted, 

respect ively,  as follows: 

p l a t e  *; 
1 ongi t u d i  nal  beams 8; 

4 transverse beams 

t r u s s  

The s ta te  var iables f o r  t h i s  bu i l t - up  s t r u c t u r e  consis t  o f  
i displacements zi o f  each p la te  component, displacements wi and r o t a t i o n s  13 

of each long i  t u d i  nal beam component, d i  spl  acement s 
k k v and r o t a t i o n  8 of each transverse beam component, and displacements u' 

of  t r u s s  members, as fo l lows : 

i Z 
i on 
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K on n3 K K v and 8 

a U 
11 on n4 

The f o l l o w i n g  i n t e r f a c e  condi t ions are enforced i n  the  f i n i t e  

element model : 

def lect ions o f  p l a t e  and beam components are the  same. That i s ,  f o r  

1 ongi t u d i  nal beams, 

A t  i n te r faces  between p l a t e  and beam components, 1 a t e r a l  

and f o r  t ransvers beams, 
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The normal slopes of plate components are the same as the torsion 

angles of beams t h a t  are attached a t  the interfaces. 

1 ongi tudi  nal beams, 

For the plates and 

and f o r  the plates and transvers beams, 

1 1 -  4 e = zx - zx 

e* = 2: = zx 6 

3 7  e3 = zx = z  
X 

4 5  e4 = zx = z 
X 
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5 6 8  e = z x = z  
X 

9 e6 = z7 = zx 
X 

The t o r s i o n a l  angles o f  transverse beams and t h e  a x i a l  slopes o f  

l ong i tud ina l  beams must be the same a t  the i n t e r s e c t i o n s  o f  beams; i.e., 

a t  points pi ,  

pl: e 1 = wX 1 -  - wX 2 

e4 = w,' = wx 3 

4 5  p2: e2 = wx = w 
X 

. .  
. p j *  

5 6  p4: e5 = wx = wx 

S i m i  1 arly , t h e  t o r s i o n a l  angl es o f  l ong i  t u d i  nal  beams and ax i  a1 slopes 

o f  transverse beams must be the same a t  i n te rsen t ions  of beams; i.e., a t  

po in ts  pi , 

1 1 2  
Y Y  

P1: 6 = v  = v  

2 3  
Y Y  P2: B4 = v = v 

4 5  
Y Y  P3: B2 = v = v 

5 6  
Y Y  P4: B5 = v = v 
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It i s  assumed t h a t  each l a t e r a l  displacement i s  evaluated a t  t he  

middle plane of the p la tes and a t  the neutra l  axes of beams. Then, t h e  

l a t e r a l  def lect ions of crossing beams and trusses must be the  same, a t  

t he  i n t e r s e c t i o n  points;  i.e., a t  po in ts  p i ,  

1 2 1 2 2  2 PI: v = v , v  = w , v  " W  

4 3  5 P2: v2 = v3, v 2  = W  , v = w 

4 2 5  2 P3: v4 = v5, v = w , v = w 

5 6 5  5 6  6 P4: v = v , v  = w , v  = w  

With the assumption that there are no in-plane deformations i n  t h e  

p la tes  and beams, the plate-beam s t r u c t u r e  t h a t  res ts  on the  4-bar 

t russes i s  pressumed t o  move as a r i g i d  body i n  the  plane o f  plates. 

F i n a l l y ,  the displacement of t h e  bottom of each t r u s s  component i s  zero, 

since i t  i s  fastened t o  a r i g i d  foundation. 

One can now def ine the se t  Z o f  k inemat i ca l l y  admissible 

displacement f i e l d  as 

i i j  Z = {a: a=(z ,w ,8 ,vK,OK,uL) such t h a t  a l l  t he  above boundary 

i n te r face  condi t ions are s a t i s f i e d }  

4.3.2 Shape Design Sens is i t i v t y  Analysis 

Applying the design component idea, shape design s e n s i t i v i t y  

coe f f i c i en ts  o f  the bui l t -up s t ruc tu re  are obtained by adding shape 
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design s e n s i t i v i t i e s  o f  each component i n  t h e  st ructure .  

2.2.11, 2.2.16, 2.2.20, 2.2.24, 2-2.25, 2.2.36, and 2.2.37, one obtains 

Using Eqs. 

-i + Z i  71) vy + 2(1-v) Zi 2 ( V X  + v y )  
+ (4 zYY YY Y YY XY XY x Y 

i -i + u (2' 7' + zi Ti) V i y ]  dnl 
(zx zyy + ZyyZx) vxx y xx xx y 

K K-K y 
Y Y  Y 

+ 1 $ GJ (e 8 ) V dn3 
K 4  

EfJ[3(wj  xx d xx ) Vx x + ( w j  x d xx + w j  xx d) x V i x ]  dn2 

K - K  
YY YY Y 

K ?  + v K - K  v ) $y] do3 
YY Y + 1 I EIK[3(v v ) Vy + (vy yy 

K 4  

where 

E = Young's modulus 

G = Shear modulus 

(4.3.1) 



Di = Eti/12(1-v2) 3 

i J , JK  = Torsion constant 

?,IK = Moment o f  i n e r t i a  

The s t ress cons t ra in t  funct ional  can be defined, using the 

c h a r a c t e r i s t i c  funct ion approach on sap c as 
q'  

II, = 11 4(.(zqll Mp dfi 

9 
n 

where $ i s  the von Mises f a i l u r e  c r i t e r i o n ,  as 

(4.3.2) 

The shape design s e n s i t i v i t y  formula can be der ived using Eqs. 

2.2.37, 2.2.41, the l a s t  term of Eq. 2.2.45, and Eq. 4.3.1 as 

- (2' 2 t zi xi ) ( v  V )  + 2(1-x) z i i  x (v V )  xx xx YY YY XY XY 

i i  + v(ziAi + z i i  A ) V;y] dnl 
+ "('xxyy + zyyxx) vxx y xx xx y 
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L .J 

+ I $ E K I K  [3 v K K Y  X V + (vy"Xcy + v ~ ~ X ~ ) V ~ ~ ]  K K Y  dQ3 YY YY Y 
K 4  

2 q 2 x  2 
[4A2(l-v+v )(zxXVx + zq Vy)-2A2(1-4u+v2)(zq zq )(v.V) 

qq Y xx YY 

+ 2A 2 (1-v+u2)(zq zqVX+zq zqVy )-A2(1-4v+v2)(zq zqVx+zq zqVq ) 
xx x xx YY Y YY YY x xx xx Y YY 

2 * ( V  V ) ]  M dnl + 6B z xy 
P 

+ $$ $(V V )  M dQl + 1 $$ i(fiAi) (V V) dnl 
"1 P i al 

(4.3.3) 

where X i s  the  s o l u t i o n  o f  the  a d j o i n t  equation of Eq.  2.2.40, which can 

be rewr i t t en  f o r  t h i s  problem as 

and 

E t  sB=--m (1-"2) 
A = -  E t  
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Due t o  Symmetry, on ly  one quar ter  o f  the s t r u c t u r e  i s  considered. 

The quar ter  p l a t e  i s  d iv ided i n t o  9 sub-domains( o r  patches) and 400 

non-conforming rectangular p la te  elements w i t h  12 degrees-of-freedom 

[27] are used t o  d i s c r e t i z e  the quadrant. Eighty beam elements are used 

t o  model the fou r  beam s t i f f ne rs .  Four-bar trusses are used as 

supports- 

i s  1281. 

The t o t a l  number o f  a c t i v e  degrees-of-freedom o f  the system 

The r e s u l t  of Chapter 3 i s  appl icable f o r  const ruct ing the design 

v e l o c i t y  f i  e l  d . Beam and bendi ng p l  a te  components requi  r e  Cl-regul a r  

v e l o c i t y  f i e l d s  between patches. 

assure C1 c o n t i n u i t y  a t  interfaces, are used t o  generate design v e l o c i t y  

f i e l d s .  

Note t h a t  a C1 v e l o c i t y  f i e l d  i s  obtained by imposing zero slope a t  each 

interface. 

Hermite cubic polynomials, which 

I n  Fig. 4.3.2, ve loc i t y  Vx(x) i n  the x -d i rec t i on  i s  p lo t ted.  

vx 00 

0 In 
0 
. 

a 
0 

0 
0 
0 

a 

X 

F igure 4.3.2 Design Veloc i ty  Vx Along x-Axes 
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The beam s t i f f n e r s  are a1 lowed t o  move t ransversa l  l y  only. 

Consequently, the x -d i rec t ion  component Vx of v e l o c i t y  V i s  a funct ion 

o f  x only and the  y -d i rec t i on  component Vy i s  a funct ion o f  y only. The 

ve loc i ty  f i e l d s  i n  each patch can be w r i t t e n  as i n  Table 4.3.1, where 

Table 4.3.1 Ve loc i ty  i n  Each Patch 

( V X ) l  = - (3) 2 2  E (5 - 7) 3a 6 b l  
a 

3a 2 2 2  ( V X ) *  = (7) E ( 6  - 7) (6bl  - 6b ) + 6bl 
a 

( V x ) 3  = (7) 2 3  5 (5  - 7) 3a 6b2 + 6b2 
a 



(p)' = - (3) 2 2  n (rl -7) 3b 6b3 
b 

(fl)3 = (y) 2 2  rl (n - 7) 3b 6b4 + 6b4 
b 

w i th  

( E ,  TI): a patch coordinate system o r ig ina ted  a t  t he  lower l e f t  

corner of each patch, and 

a,b: dimensions o f  each patch i n  x- and y -d i rec t ions  

as shown i n  Fig. 4.3.3. 

F igure 4.3.3 Patch Coordinate System 

This problem was solved by Lee and Choi [22], using the boundary 

approach, w i th  considerable d i f f i c u l t y  i n  handl ing boundary elements of 

each patch. 

r a t i o  (between p red ic t  and actual changes times 100) ranging from -98.2 

t o  515.5. 

Table 4.3.2. 

The accuracy o f  those boundary elements de te r io ra te  w i th  

SDSA r e s u l t s  obtained using domain approach are given i n  

The per turbat ion i s  a 0.25% change o f  each design 
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parameter. The ratio between predicted change and actual change i s  

excellent for a l l  elements located inside and adjacent t o  the beam 

stiffners. T h i s  shows t h a t  the domain approach of SDSA can handle 

singular behavior across the beam s t i  ffners much better than the 

boundary approach. 

Next, as a tes t ,  a piecewise linear velocity field i s  used w i t h o u t  

considering slope discontinuity a t  each interface, t o  see the numerical 

effect of terms associated w i t h  slope jumps.  As explained in Chapter 3, 

a piecewise l inea r  velocity field can be used only after considering 

singular behavior along the interfaces. A part of the SDSA result i s  

given i n  Table 4.3.3. This clearly indicates t h a t  regularity of the 

design velocity field in the domain is  a crucial factor of the domain 

approach of SDSA. 
- 

Table 4.3.2 SOSA Results for Truss-Beam-Plate 
Built-up Structure Using the Domain 
Approach 

Element Von Mises Stress Actual Predict Rati o 
Number OLD NEW Change Change x 
~ 0 ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ 0 ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ 0 ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ 0 ~ ~ ~ ~ 0 ~ ~ ~ ~ ~ ~ ~  

81 49.128 50 . 043 0.915 0.915 100.101 
83 40.429 41.289 0.860 0.861 100 . 103 
85 34.279 34.88 1 0 . 602 0 . 600 99 . 634 
87 50.331 51.190 0.858 0.858 100 . 008 
a9 62 . 143 63.067 0 . 925 0.924 99.927 
91 67.841 68 . 765 0.924 0.923 99.928 
93 77.076 77 949 0.873 0.871 99.8 18 
95 83.610 84.604 0.994 0.994 100.036 
97 92.755 93 -843 1 . 088 1.090 100 . 161 
99 102.907 104 . 158 1.251 1.253 100.208 
102 44.262 45.153 0.891 0.891 99 0955 
104 33.034 33.809 0.776 0.775 99.8 78 
106 42 . 663 43.440 0.778 0.776 99.8 35 
108 55.944 56.826 0.882 0.880 99.8 78 
110 63 . 522 64.437 0.914 0.913 99.8 20 
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Table 4.3.2 continued 

112 
114 
116 
118 
120 
122 
124 
126 
128 
130 
132 
134 
136 
138 
140 
145 
147 
149 
151 
153 
155 
157 
159 
165 
167 
169 
171 
173 
175 
177 
179 
18 6 
188 
190 
192 
194 
196 
1 98 
200 
208 
210 
212 
214 
216 
2 18 
220 
229 
231 
233 
235 

69.646 
77.930 
85.518 
91.868 

104 . 643 
39.542 
33.332 
44.281 

58.526 
67.527 
75.498 
79 8045 
81.265 

52 . 498 

89 .a32 
38.362 
44.882 
46.061 
56 .025 
70.749 
68 -378 
67.127 
65 -011 
38.300 
40.579 
47.855 
60.184 
67.866 
64.113 
62.719 
64.430 
43.048 
51 . 596 
59 . 144 
62.228 
56.037 
57 . 209 
59.270 
65.318 
55.122 
58.260 
59.139 
48 8012 
47.049 
49.752 

55.504 
53.218 
55 . 546 
37 . 003 

56.823 

70.537 
78.891 
86.577 
93.039 

106,009 
40.401 
34.143 
45.046 
53.329 
59.389 
68.410 
76.477 
83.149 
82.434 
91 . 166 
39 . 116 
45.626 
46.804 
56.8 26 
71.663 
69.490 
68.334 
66.196 
39 . 039 
41.250 
48.520 
60.932 
68 . 758 
65.214 
64.012 
65.898 
43.773 
52.317 
59.893 
62.978 
56.965 
58.333 
60.553 
66.805 
55.881 
59.010 
59 . 726 
48.846 
48 . 106 
50.954 

56 . 252 
53.793 
55.983 
37.871 

58 . 228 

0.891 
0.961 
1.060 
1.171 
1 . 367 
0.859 
0.811 
0.765 
0.831 
0.862 
0 -883 
0.979 
1 . 104 
1 . 169 
1.334 
0.754 
0.744 
0 . 743 
0.801 
0.914 
1.112 
1.207 

0 . 740 
0.670 
0 . 665 
0.748 
0.892 
1.101 
1.293 
1.468 
0.726 
0.721 
0.749 
0.749 
0.928 
1 . 124 
1.283 
1.487 
0.759 
0.750 
0.587 
0.8 34 
1 .OS7 
1.203 
1.405 
0.747 
0.575 
0.437 
0.868 

1 . 185 

0.889 
0.960 
1.060 
1 . 172 
1.374 
0.858 
0.810 
0.763 
0.830 
0.861 
0.881 
0.978 
1 . 184 
1.170 
1 . 340 
0.749 
0.744 
0.742 
0.800 
0.911 
1.112 
1.209 
1.189 
0.738 
0.669 
0.663 
0.744 
0.889 
1. 100 
1.294 
1.471 
0.725 
0.719 
0.745 
0.745 
0.924 
1.124 
1.284 
1.490 
0.756 
0.746 
0.581 
0.830 
1.056 
1 . 203 
1.408 
0.744 
0.569 
0.430 
0.863 

99 . 723 
99.866 

100.043 
100.067 
100.576 
99.917 
99.918 
99 . 702 
99.917 
99 -843 
99.722 
99.864 

iOO.Oi9 
100.061 
100.472 
99 . 406 
99.935 
99 -867 
99 . 944 
99 . 697 
99.967 

100.125 
100 -362 
99.787 
99.769 
99 . 704 
99.436 
99.631 
99.934 

100.081 
100 0 248 
99.8 70 
99 . 742 
99.568 
99.348 
99.657 
99.973 

100.086 
100 . 151 
99.694 
99.513 
98.980 
99.447 
99.88 3 

100 .ooo 
100.195 
99.522 
99.025 
98.454 
99.421 
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Table 4.3.2 continued 

237 
239 
249 
251 
253 
255 
257 
259 
270 
272 
2 74 
276 
278 
28 0 
29 1 
292 
293 
294 
296 
297 
298 " 

299 
300 
309 
311 
313 
315 
317 
319 
329 
331 
333 
335 
337 
339 
349 
35 1 
353 
354 
355 
356 
357 
358 
359 
360 
366 
368 
380 
397 
399 

35 . 140 
37.897 
52.077 
48.867 
56.294 
32 . 700 
23.383 
23.267 
45.287 
61.326 
47 . 757 
32.009 
27 -041 
34.8 13 
53.166 
67.683 
67.215 
60.173 
53.350 
53.724 
55 -290 
57.632 
65 . 729 
58.271 
67.683 
81.478 
82 . 704 
90.044 
100 -980 
56.294 
67.215 
82.051 
79.509 
90.039 
101.657 
42.011 
60.173 
78 -037 
67.361 
62.299 
61 -299 
62.680 
64 .8 53 
67.503 
75 -326 
56.141 
37.003 
49.342 
29,770 
27.894 

36.218 
39 . 123 
52 . 764 
49.239 
56.509 
33 . 318 
24.298 
24.329 
45 . 655 
61 -258 
47.886 
32 . 264 
27.324 
35 . 190 
53 -065 
67.463 
67.053 
60.055 
53 -241 
53.624 
55.228 
57.626 
65.812 
58.413 
67.463 
81.173 
82.424 
89.857 
101.057 
56 . 509 
67.053 
81.674 
79.143 
89.689 
101.295 
42.430 
60.055 
77.663 
66.997 
61 -961 
60.986 
62.383 
64.565 
67.225 
75.037 
57.173 
37.8 71 
49 . 141 
29 . 560 
27 . 717 

1.078 
1.226 
0.687 
0 . 372 
0.215 
0.618 
0.915 
1.062 
0.368 
-0 . 068 
0.129 
0 . 255 
0.283 
0.377 
-0.101 
-0 . 220 
-0.162 
-0.118 
-0.109 
-0 . 099 
-0.062 
-0.007 
0.083 
0.142 
-0.220 
-0 . 304 
-0.280 
-0.187 
0.077 
0.215 
-0.162 
-0 . 377 
-0 . 366 
-0 350 
-0.362 

-0.118 
-0 374 
-0 364 
-0 . 338 
-0.313 
-0.297 
-0 288 
-0.279 
-0 289 

0.419 

1.032 
0.868 
-0 201 
-0.210 
-0,177 

1.077 
1.226 
0.683 
0 . 365 
0.208 
0,608 
0,907 
1.056 
0.360 
-0,075 
0,120 
0 . 240 
0.263 
0,364 
-0.109 
-0.226 
-0.167 
-0 . 125 
-0.118 
-0.108 
-0.071 
-0.016 
0.077 
0.135 
-0.226 
-0.312 
-0.285 
-0 . 189 
0.075 
0.208 
-0.167 
-0.382 
-0.369 
-0 . 352 
-0.364 

-0.125 
-0 . 379 
-0 . 368 
-0 . 342 
-0.316 
-0.300 
-0 . 290 
-0.281 
-0.293 

0.410 

1.030 
0,863 
-0 . 205 
-0.214 
-0 . 182 

99.867 
99 . 998 
99.347 
98 .032 
96.745 
98.390 
99.142 
99 . 478 
97.893 
109.851 
93.134 
94.039 
93 . 002 
96.534 
108,029 
102 . 722 
103.331 
106.060 
107.688 
108 -923 
114.797 
241.315 
93.336 
94.890 
102 . 722 
102.463 
101 -642 
101 -419 
97.485 
96.745 
103.331 
101.415 
100 ,925 

- 

100.411 
100.572 
97.833 
106.060 
101.275 
101.176 
101.065 
100.931 
100.804 
100 , 717 
100.738 
101.558 
99 -846 
99.421 
102.234 
102 ,002 
102.481 
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Table 4.3.2 continued 

417 21.848 21,623 -0.225 -0.230 102.151 
419 18 . 109 17.866 -0.243 -0 . 248 101.974 
438 14.556 14.247 -0.309 -0.313 101.186 
440 14.939 14.640 -0 299 -0 -302 100.98 2 
460 12.189 11.934 -0.255 -0.255 100.106 
480 8.471 8.315 -0.156 -0.154 99.114 

Table 4.3.3 SDSA Results f o r  Truss-Beam-Plate 
Bui l t -up Structure Using the  
Domain Approach w i th  P i  ece-wi se 
Linear Veloci ty,  withorit  Compensation 

81 
83 
85 
87 
89 
91 
93 
95 
97 
99 

49.128 
40 . 429 
34.279 
50.331 
62.143 
67.841 
77.076 

92.755 
102.907 

83.610 

50.043 
41.289 
34.881 
51.190 
63.067 
68.765 
77.949 
84 . 604 
93.843 
104.158 

0.915 
0.860 
0.602 
0.858 
0 . 925 
0.924 
0 .8 73 
0.994 

1.251 
1.088 

E l  ement Von Mises Stress Actual Predic t  Rat io  
Number OLD NEW Change Change x ................................................................... 

0.777 84.919 
0.684 79.535 
0.468 77.741 
0.673 78 0438 
0.706 76.324 
0 . 647 70 . 022 
0 . 549 62.671 
0.607 61 -066 
0.679 62.408 
0.807 64.508 

W th tale s e n s i t i v  ty coef f ic ients  oWtainec i n  the previous step, 

one can now apply a nonl inear p rog raming  method t o  f i n d  an improved 

design. The l i n e a r i z a t i o n  method [44] o f  i t e r a t i v e  op t im iza t i on  i s  

chosen. Minimum cost ( t o t a l  mass) of the b u i l t - u p  s t ructure,  subject  t o  

s t ress cons t ra in t s  on p l a t e  and beam elements and a displacement 

cons t ra in t  i s  considered. The i n i t i a l  design i s  chosen t o  be a uni form 

p l a t e  ( th ickness = 0.1 inch) and uni form beam (height = 0.5 inch, depth 

= 0.15 i nch ) ,  w i th  shape parameters b l  = b3 = 1.5 and b2 = b4 = 4.5, 

The lower bounds on p l a t e  thickness, beam height, and beam depth a r e  

0.05, 0.25, and 0.075, respect ively.  Beam s t i f f n e r s  are allowed t o  move 
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f r e e l y ,  wi thout coalescence o r  passing each other. 

s t ress  const ra in ts  are 400 p s i  f o r  beam elements and 100 p s i  f o r  p l a t e  

elements. Center po in t  v e r t i c a l  displacement i s  l i m i t e d  by 0.0006 i n c h  

downward. 

constraints,  wi thout i n c l u d i n g  design bound const ra in ts .  

Upper bounds for 

Consequently, t h i  s problem has 292 desi gn v a r i  ab1 es and 251 

The cost  f unc t i on  h i s t o r y  achieved i s  p l o t t e d  i n  Fig. 4.3.4. Due 

t o  excessive computing cost  (35,000 CPU second/ i terat ion i n  a PRIME 

750), the a lgor i thm i s  terminated a f t e r  t he  22nd i t e r a t i o n ,  a f t e r  which 

one may expect a ser ies of small design changes t h a t  lead t o  an optimum. 

0 

ln 
Q 

0 
. . .  I . .  . . I  . .  , 

5 10 15 20 0 

Figure 4.3.4 Cost Function H i s t o r y  

I t e r a t i o n s  
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The shape given i n  Fig. 4.3.5 i s  the 22nd improved design, w i th  a 

36% cost reduction. Maximum vi 'o lat ion i s  reduced from 0.1140 t o  0.0035, 

and the  norm of the  d i r e c t i o n  vector i s  reduced f rom 0.1170 t o  0.021. 

The design process shows the f o l l o w i n g  trend: 

s l i g h t l y ,  except i n  % and Qio, where height  increases considerably. 

Beam height changes 
4 

Beam depth general ly decreases, except i n  n2 4 and n2 10 . The beam 

s t i f f n e r s  move inward (see Fig. 4.3.5.b), r e s u l t i n g  i n  decreases i n  

-1 2 4 6 p l a t e  th ickness i n  patches ii1, iil, nl, and Ql. Tine p i a t e  elements i n  

the  remaining patches are adjusted i n  thickness, t o  compensate for  beam 

movement. 

lower bound. 

P late elements on the  f r e e  boundary tend t o  approach the 

4.3.3 Discussion 

The domain approach f o r  shape desi gn sensi t i v i  t y  anal y s i  s y i e l d s  

exce l l en t  r e s u l t s  given i n  Table 4.3.1. Accuracy problems ar ise,  

however, i n  the  same analysis r e s u l t  using the  boundary approach i n  Ref. 

22. 

t h e  boundary approach, which requires accurate in format ion along the 

in ter faces,  and p a r t l y  due t o  the design v e l o c i t y  f i e l d  used i n  the 

analysis.  

the r e g u l a r i t y  requirement o f  the design v e l o c i t y  f i e l d  must be met. 

Otherwise, s ingular  behavior should be considered a t  the in ter faces.  

The reasons f o r  poor s e n s i t i v i t y  are p a r t l y  due t o  the nature o f  

Test r e s u l t s  o f  Chapter 3 and Table 4.3.3 demonstrate t h a t  
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(a) Perspect ive View 

Y 

f 
b/+ 

- 

-e-- 

I n i t i a l  
F ina l  -- 

X 

(b )  Beam Pos i t i ons  

Figure 4.3.5 Shape of Bui l t -up Structure a t  Twenty-Second I t e r a t i o n  
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V. NUMERICAL EVALUATION OF THE 
BOUNDARY-LAYER APPROACH 

5 . 1 I n t  roduct i on 

As o u t l i n e d  i n  Sect ion 2.3, the  purpose of es tab l i sh ing  a boundary- 

l a y e r  w i t h i n  the  domain i s  two fo ld :  

( i )  

(i 1 ) Reduce computing cost, wi thout  sacr i  f i  c i  ng accuracy o f  t he  domai n 

D i r e c t  con t ro l  over the v e l o c i t y  f i e l d  w i t h i n  the  domain, and 

approach. 

In t h i s  chapter, two examples are solved by the  boundary-layer 

approach. 

two plane e l a s t i c  p la tes  with d i f f e r e n t  mater ia l  proper t ies.  Th is  

simple example shows the  e f f i c i e n c y  and r e l i a b i l i t y  of the  boundary- 

l a y e r  approach, compared t o  the  boundary approach. 

The f i r s t  example i s  a simple i n te r face  problem, composed o f  

The second example i s  a f i l l e t .  The idea of v e l o c i t y  element i s  

t es ted  i n  conjunct ion w i t h  a 6-spl ine boundary curve. Using B-spl ine 

funct ions,  design ve o c i t y  along the  outer  bounding surface r (see 

Section 2.3) i s  obta ned. 

then found using the  ve loc i t y  element idea. 

Design v e l o c i t y  w i t h i n  the  boundary-layer i s  

5.2 A Plane Stress In te r face  Problem 

For e l l i p t i c  boundary-value problems, s i n g u l a r i t i e s  may occur when 

The l a t t e r  type o f  s i n g u l a r i t y  the  boundary o r  the  data i s  not smooth. 

may a r i s e  i n  i n t e r f a c e  problems such as e l a s t i c i t y  problems w i t h  
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composite mater ia ls .  Shape design s e n s i t i v i t y  analyses are performed on 

examples of t h i s  k i n d  us ing the  boundary-layer approach and r e s u l t s  are 

compared t o  t h e  domain and boundary approaches t o  show good performance 

o f  the  boundary-layer method. 

[23], using t h e  boundary approach. 

This problem was studied by Yang and Choi 

5.2.1 System D i s c r i p t i o n  and Formulat ion 

A plane e l a s t i c i t y  problem t h a t  i s  composed o f  two plane e l a s t i c  

p l a t e  components with d i f f e ren t  ma te r ia l  p roper t ies  i s  chosen t o  be 

analyzed.' The major concerns are: (i) To perform shape design 

s e n s i t i v i t y  ana lys is  wi th  E2/E1 = 7.65, u s i  ng the  boundary-1 ayer 

approach, and t o  show e f fec t i vness  o f  t he  boundary-layer approach by 

compari ng resu l  t s  ob ta i  ned by boundary and domain approaches . 
modulus i s  then changed t o  E2/E1 = 500, t o  evaluate v a l i d i t y  of t he  

boundary-layer approach under a severe condi t ion.  

e f f e c t  o f  mesh ref inement on s ingu la r  behavior, us ing the  boundary-layer 

approach. 

Young 'si 

( i i )  To see t h e  

The geometry o f  the  problem studied i s  shown i n  Fig. 5.2.1. 

domain i s  t he  union o f  sub-domains nl and n2, w i t h  mater ia l  p roper t i es  

are given i n  Table 5.2.1. 

The 

Table 5.2.1 Mater ia l  Proper t ies  o f  In te r face  Problem 
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n? n2 

Figure 5.2.1 Geometry o f  In te r face  Problem (Length i n  [crn]) 

The space o f  kinematical ly  admissible displacement f i e l d  i s  

z: = z: = 0, x c ro, ti 1 2  = zi, i = 1, 2, x c y )  

where ro i s  the  f ixed end and y i s  the  in ter face .  

Applying the  design component idea,  one obtains, using Eqs. 2.2.20, 

2.2.36, and 2.2.37, 

(5.2.1) 
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A stress cons t ra in t  o f  t h e  fo l lowing type i s  considered: 

(5.2.2) 

where M i s  a c h a r a c t e r i s t i c  f unc t i on  on t e s t  region nPc  n and i s  

t h e  von Mises y i e l d  c r i t e r i o n ,  
P 9 

The v a r i a t i o n  o f  the cons t ra in t  f unc t i ona l  o f  Eq. 5.2.2 i s ,  using Eqs. 

2.2.37, 2.2.41, the l a s t  term o f  Eq.  2.2.45 and Eq. 5.2.1, 

+ 11 (V*Vq) Mp dn - I( 0 Mp dn I( (V*Vq) Mp dn (5.2.3) 

4 
n n 

Q 
n 
q 

The p l a t e  o f  Fig. 5.2.1 i s  d i s c r e t i z e d  i n t o  a 32-element, 121-node 

f i n i t e  element model, i n  which 8-node isoparametr ic f i n i t e  elements are 

used . 
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5.2.2 SDSA o f  a In te r face  Problem 
Using Boundary-1 ayer Approach 

For a body o f  given geometry there are a l a rge  number o f  poss ib le  

boundary-layers some of which are b e t t e r  than others, from the viewpoint 

o f  accuracy and economy. It i s  d i f f i c u l t  t o  estmate the  s i ze  and 

l o c a t i o n  o f  t h e  best boundary-layers i n  advance. They can be determined 

by analyzing the  s t a t e  and/or apply ing a t e s t  shape design s e n s i t i v i t y  

analys is  . 
The boundary-layer i s  chosen t o  inc lude elements 13 t h r u  20 i n  Fig. 

5.2.2. The design va r iab le  b f o r  t h i s  case i s  distance between node 5 1  

and node 65 i n  Fig. 5.2.2. Consequently, regions outside the  boundary 

l a y e r  remain unchanged. Numerical r e s u l t s  w i t h  a 3% design change are 

shown i n  Table 5.2.2 f o r  the boundary-layer approach and i n  Table 5.2.3 

f o r  t he  boundary approach. Due t o  symmetry, the lower h a l f  o f  shape 

design s e n s i t i v i t y  analysis r e s u l t s  are shown. 

r e s u l t s  t h a t  the boundary-1 ayer approach gives excel 1 ent resul ts ,  

whereas accuracy o f  t he  boundary approach i s  not acceptable. The poor 

design s e n s i t i v i t y  obtained w i th  the boundary approach i s  caused by 

One can see from these 

Figure 5.2.2 32-Element Coarse Model 
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unsatisfactory f ini te  element analysis on the interface, due t o  an 

abrupt change in material properties, si nce the boundary approach 

requires integration over the interface. 

approach, the best possible techniques, such as projection from the 

Note t h a t ,  fo r  the boundary 

Gauss p o i n t s  t o  the boundary C231, are used t o  evaluate data on the 

interface. 

boundary-1 ayer (a1 so domain) approach and obtain accurate sensi t i  vi t y  

One can avoid data  evaluation a t  the interface by using the 

results. This can be of great advantage for  complex problems w i t h  

singular behavior along interfaces. In Table 5.2.4, numerical results 

w i t h  a 3% design change fo r  the domain apporach are given. The design 

yariable for this case is the distance between node 9 and node 65 in 

Fig. 5.2.2. Note t h a t  design variables are not  the same for boundary- 

layer and domain approaches. Notice that thickening the boundary-layer - 

i n  this problem does not significantly improve results. 

Table 5.2.2 SDSA Result of the Coarse Model 
w i t h  4 - 4 Elements i n  Each 
Boundary-Layer (E2/E1 = 7.65) 

El t Von Mises Stress Actual Predict Rat io  x 100 
# OLD NEW Change Change x ----.----~--------.---------~--~.------~------------------------- 
1 393.013040 ' 393.079670 0.066630 0.067700 101.608 
2 364.378670 364.295420 -0.083250 -0.084120 101 -047 
5 388.075140 388.203440 0.128300 0.129160 100.674 
6 402.269030 402.196330 -0.072700 -0.071260 98 -027 
9 386.434610 386.476870 0.042270 0.041030 97.078 

10 407.146120 407.465710 0.319600 0.329540 103.113 
13 388.596340 388.703000 0.106660 0.108340 101.578 
14 379.042760 379.524870 0.482100 0.485900 100.787 
17  441.685240 442.170080 0.484840 0.476150 98.207 
18 424.058200 425.317170 1.258970 1.236360 98 204 
21 424.190150 424.442700 0.252540 0.256800 101.685 
22 378.854330 378.994590 0.140250 0.119020 84.861 
25 407.715280 407.991050 0.275770 0.272480 98 -807 
26 387.873040 387.597780 -0.275260 -0.275400 100.049 - 
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Table 5.2.2 continued 

29 400.610140 400.625710 0.015570 0.015430 99.059 
30 394.617050 394.454610 -0.162440 -0.161040 99 . 138 

Table 5.2.3 SDSA Result of the  Coarse Model 
Using Ejoundary Approach, (E2/E1 = 7.65) 

E l  t von Mises Stress Actual Predict  Rat io  x 100 
# OLD NEW Change Change % 

~ ~ ~ ~ 0 ~ ~ ~ 0 ~ ~ ~ ~ ~ ~ ~ ~ 0 0 ~ ~ 0 ~ ~ 0 ~ ~ ~ ~ ~ 0 0 ~ ~ ~ 0 ~ ~ ~ ~ 0 ~ ~ ~ ~ 0 0 - 0 ~ ~ 0 0 ~ ~ ~ 0 ~ ~ ~ ~ ~ ~ ~ ~  

1 
2 
5 
6 
9 

10 
13 
14 
17 

21 
22 
25 
26 
29 
30 

i a  

39 3.01304 
364 . 3 78 67 
388.07514 
402.26903 
38 6 -43461 
407.14612 
388.59634 
379.04276 
441 . 68 524 
424 . 058 20 
424.19015 
378 -8 5433 
407 . 71528 
38 7.8 7304 
400 . 61014 
394 . 61  705 

393.17922 
364.76664 
388.36215 
402.83406 
38 6.8 49 76 
407.48249 
388 -95414 
379.25247 
442.25032 
425 . 229 10 
424.70840 
378.97497 
408.23368 
387.32342 
400.601 12 
394.00 702 

0.16618 
0 . 38 79 6 
0 . 28 701 
0.56503 
0.41515 
0.33637 
0 . 35780 
0.20971 
0.56507 
1.17089 
0 . 518 25 
0.12064 
0.51840 

-0 54962 
-0 . 00903 
-0.61003 

0.20403 122.77621 
0.67218 173.25764 
0.56684 197.49962 
0.42080 74 . 47325 

0.14159 42.09417 
-0.08520 -20.52248 

-0.53089 -148 -37419 
-1.90134 -906.64762 

-13.85905 -2452.60502 
-13.63066 -1164.12453 
-0.21408 -41 -30779 

0.76770 636.37320 
0.49878 96.21538 

-0.48837 88.85661 
0.01423 -157.65640 

-0.57794 94.73960 

Table 5.2.4 SDSA Result of the  Coarse Model 
Using Domain Approach (E2/E1 = 7.65) 

E l  t von Mises Stress Actual Predict  Ratio x 100 
# OLD NEW Change Change % 

1 393.013040 393.179220 0.1 66180 0.179540 108.036 
2 364.378670 364.766640 0 . 38 7960 0 . 378400 97.535 
5 388.075140 388.362150 0.287010 0 . 28 6710 99.898 
6 402 . 269030 402 -834060 0 . 565030 0.596340 105.540 
9 386.434610 386.849760 0.415150 0.417480 100.562 

0 . 336370 0.368570 109.573 10 407.146120 407.482490 
13 388 A96340 308 -954140 0.3 5 78 00 0.375490 104.940 
14 379.042760 379.252470 0.209710 0.201590 96.125 
17 441.685240 442.250320 0 . 565070 0.570690 100.994 
18 424.058200 425.229100 1.170890 1.128710 96.397 
2 1  424.190150 424.708400 0 . 5 18 250 0.539190 104.042 
22 378 -854330 378.974970 0.120640 0 -063960 53.017 
25 407.715280 408.233680 0 . 5 18400 0.51 7100 99.749 
26 387.873040 387.323420 -0.549620 -0.560830 102.040 

~ o ~ ~ ~ ~ o ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ o ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ - ~ ~ ~ ~ ~ ~ ~ - ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ - ~ ~ ~ ~ ~ ~ ~  
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Table 5.2.4 continued 

29 400.610140 400.601120 -0.009030 -0.002980 33.025 
30 394.617050 394.007020 -0.610030 . -0.585290 95.945 

Next, t o  t e s t  Val i d i  ty  o f  t he  boundary-layer approach, Young's 

modulus i s  changed t o  E 1  = 0 . 2 0 ~ 1 0 ~  and E2 = 1.00~108 f o r  nl and n2, 

respect ively.  

500, f rom 7.65, t o  check a more severe condi t ion.  

I n  o ther  words, t he  r a t i o  between E2 and El i s  ra ised t o  

Design s e n s i t i v i t y  

r e s u l t s  are given i n  Table 5.2.5. Accuracy of design s e n s i t i v i t y  i s  

s t i l l  acceptable. For elements 9 and 22, accuracy i s  marginal. 

However, t h e  magnitude o f  actual  change f o r  these elements i s  small, so 

f i n i t e  d i f ferences may not  be correct .  Numerical r e s u l t s  obtained by 

the boundary approach are given i n  Table 5.2.6, which i nd i ca tes  t h a t  

worse r e s u l t s  may a r i s e  i f  the  r a t i o  E2/E1 increases. 
s 

Table 5.2.5 SDSA Result o f  t he  Coarse Hodel 
w i t h  4 - 4 Elements i n  Each 
Boundary-Layer (E2/E1 = 500 ) 

E l  t Von Mises Stress Actual Predic t  Rat io  x 100 
# OLD NEW Change Change x ................................................................. 
1 392.305570 392.393590 . 0.088020 0.089260 101.402 
2 365.243520 365.143840 -0.099670 -0.100470 100 . 798' 
5 386.631130 386.771990 0.140860 0.141380 100.367 
6 402.936370 402.898860 -0.037520 -0.034770 92.675 
9 386.580370 386.563300 -0.017060 -0.020160 118 . 181 

10 403.053380 403.582140 0.528760 0.541500 102.410 
13 392.165070 392.154620 -0.010460 -0.010330 98 .8 44 
14 365.554090 366.176380 0.622290 0.625520 100.518 
17 477.041220 478.185420 1.144200 1.119430 97.8 35 
18 440.116980 442.560250 2.443270 2.392580 97.925 
21 442.638980 443.092150 0.453170 0.464520 102.503 
22 362.566640 362.675590 0.108950 0.071170 65.322 
25 412.834660 413.321420 0.486760 . 0.480000 98.611 
26 379.905050 379.413550 -0.491490 -0.490330 99 . 763 - 
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Table 5.2.5 continued 

29 401.088180 401.118770 0.030590 0.030310 99.078 
30 391.196160 390.922130 -0.274030 -0.271580 99.106 

Table 5.2.6 SDSA Result o f  t he  Course Model 

E l  t von Mises Stress Actual Predic t  Rat io  x 100 

Using Boundary Approach (E2/€1 = 500) 

# OLD NEW Change Change % 

1 
2 
5 
6 
9 

10 
13 
14 
17 
18 
21 
22 
25 
26 
29 
30 

392.30557 
365.24352 
386.63113 
402.93637 
386.58037 
403.05338 
392 . 16507 
365.55409 
477.04122 
440.11698 

362.56664 
412.83466 
379.90505 
401.08818 
391 . 19616 

55 2 . 63898 

392.54946 
365.56549 
386.95951 
403.56356 
386.91161 
403.67621 
392 . 41 38 1 
365.87331 
478 . 28 5 37 
442.5 5 2 72 
443.60941 
362.60856 
41 3.76383 
378.94170 
40 1 . 088 22 
390.18924 

0 . 24389 
0.32197 
0.32838 
0.62719 
0.33124 
0 . 6 228 3 
0.24874 
0 -31923 
1.24415 
2.43574 
0.97043 
0.04192 
0.92917 

0 . 00004 -0.96335 

-1 .O0692 

0 . 26360 
0 . 5112? 
0.60857 
0.41597 

0.25995 
-0 . 461 77 

-0.97467 
-1 70688 

-999 -018 13 
-995.38437 

55.21655 
65 . 58310 

16 . 78425 
1.93765 

-1.39687 

-3 009688 

108.07921 
18 9 .S 52 35 
18 5 . 32250 
66.32254 

41 . 73644 
-139.40854 

-39 1 .8 5058 
-534.69096 

-40865 -88759 
-80297.17435 

5689.89566 
156445.07974 

-150.33495 
-1742.28044 
53656.13681 

307.5 5910 

5.2.3 E f f e c t  o f  Mesh Refinement 

As s ta ted e a r l i e r ,  there e x i s t s  a s i n g u l a r i t y  along the i n te r face ,  

due t o  an abrupt change o f  mater ia l  proper t ies accross the  i n t e r f a c e  y. 

It i s  known t h a t  mesh refinement i s  an ef fect ive way o f  deal ing w i t h  

s i n g u l a r i t i e s .  The p l a t e  i s  d i s c r e t i z e d  i n t o  a 128-element, 433-node 

r e f i n e d  f i n i t e  element model, which has 832 a c t i v e  degrees-of-freedom. 

The type o f  f i n i t e  element i s  not  changed. Young's modulus i s  0 . 2 0 ~ 1 0 ~  

'and 1.00~108 fo r  nl and Q2, respect ively,  which gives E2/E1 = 500. 

As a t e s t  o f  the ref ined model, 16 elements are assigned t o  the 

boundary-layer, which means t h a t  t he  thickness of the boundary-layer i s  
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1 half o f  t ha t  for the coarse model (4  elements in $2 and 4 elements 

i n  n ). Shape design sensitivity results are given in Table 5.2.7, due 2 

t o  a 3% change in design variables. Results given in Table 5.2.7 show 

very good agreement between predicted change 1QI' and actual change 

A$, except in elements 27 and 74. However, note that the actual change 

f o r  these elements is smaller than fo r  others and may not accurate. 

Table 5.2.7 SDSA Result of the Refined Model 
w i t h  8 - 8 Elements in Each 
Boundary-Layer (E2/E1 = 500) 

El t Von Mises Stress Actual Predict Ratio x 100 
# OLD NEW Change Change % 

~ ~ ~ 0 ~ ~ ~ ~ ~ ~ ~ ~ ~ 0 ~ ~ 0 ~ 0 ~ ~ 0 ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ 0 0 ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ 0 ~ ~ ~ ~ ~ ~ ~ ~ ~ ~  

1 422.968950 423.030780 0.061830 0.062350 100 .846 
2 370.248170 370.256580 0.008400 0.008460 100 . 716 
3 353.546740 353.513190 -0.033550 -0.033760 100.631 
4 349.312770 349.256790 -0.055990 -0.056320 100.588 
9 391,927430 392.016470 0,089030 0.089590 100 . 620 

10 390.900270 390.912700 0.012430 0.012510 100 . 601 
11 382.152430 382.112240 -0.040190 -0.040310 100.300 
12 377.526930 377.461990 -0.064940 -0,065110 100 -262 
17 376.610900 376.723970 0.113070 0.113540 100 . 416 
18 396.657330 396.671200 0.013870 0.013920 100.394 
19 399.654010 399.620250 -0.033760 -0.033610 99.559 
20 398.967700 398.918750 -0.048960 -0.048660 99.384 
25 373.940010 374.064670 0.124650 0.124760 100.083 
26 396.719880 396.732840 0.012960 0.012980 100 . 143 
27 406.807520 406.809000 0.001480 0.002230 151.212 
28 409.659310 409.676590 0.017270 0.018530 107.256 
33 373.926350 374.018230 0.091880 0.090960 99.002 
34 396.718570 396.728700 0.010130 0.010260 101.351 
35 406.839680 406.937690 0.098010 0.099980 102.016 
36 409.713020 409.882140 0.169120 0.171800 101.587 
41 376.556490 376.497720 -0.058780 -0,062680 106.633 
42 396.653040 396.687610 0.034570 0.036180 104.651 
43 399.763400 400,072850 0.309460 0.313430 101 2 8 4  
44 399.139530 399.561830 0.422300 0.426120 100.906 
49 391.670150 391.060950 -0.609200 -0.619550 101 . 699 
50 390.953600 391.272470 0.318870 0.326640 102 -436 
51 382.375090 383.034650 0.659560 0.664520 100.753 
52 377.826960 378 -521860 0.694910 0.697740 100 . 408 
57 422.383440 421.874110 -0.509330 -0.512000 100 -524 
58 370.378660 370.824220 0.445560 0.448860 100 . 742 
59 353.887750 354.289930 0.402180 0.402300 100 -029 

- 
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Table 5.2.7 continued 

60 
65 
66 
67 
68 
73 
74 
75 
76 
81 
82 
83 
84 
89 
90 
91 
92 
97 
98 
99 
100 
105 
106 
107 
108 
113 
114 
115 
116 
121 
122 
123 
124 

349.700820 
541.075820 
477.244240 
467.075570 
468.364240 
512.541210 
393.697000 
389 -864860 
394.797640 
477.399940 
404.565300 
370.947110 
353.098310 
451.214570 
406.665410 
374.694670 
360 . 7408 10 
429.574850 
405.132400 
382.155770 
369.595660 
414.632090 
402.520380 
388.544580 
380 . 039 18 0 
405.031330 

392.712790 
388 -068180 
400.394620 
397.935420 
394.037150 
391.373530 

399.98 7550 

5.2.4 Discussion 

350.069920 
542.298 6 10 
479.974620 
468.562640 
469.681620 
512 -828 520 
393.8 9 3 700 
391.207420 
396.408 680 
478.347540 
404.307630 
371.020010 
353.514950 
451.926190 

374.499580 
360.598020 
430.053980 
405.197000 
38 1.964630 
369.321610 
414.893470 
402.565190 
388.401100 
379.800650 
405.130580 
399.990320 
392.605950 
387.898250 
400.402900 
397.894640 
393.930650 
391.225420 

406.6 78 550 

0.369100 
1 . 222780 
2 . 730380 
1.487070 
1.317370 
0.28 7310 
0.196690 
1 . 342560 
1.611030 
0 . 947600 
0.0 728 90 
0 . 416040 
0.711620 
0 . 013140 

-0.257670 

-0 195090 
-0 142790 
0.479 140 
0 . 064600 
-0 . 19 1140 
-0.274060 
0.261380 
0 -0448 10 
-0.143480 
-0 238 530 
0.099250 
0.002770 
-0 . 1068 30 
-0 169930 

-0.040780 
-0.106510 
-0 . 148 110 
0 . 008 28 0 

0 . 369160 
1 . 189130 
2 . 678890 
1.475510 
1.31 1190 
0.309710 
0.157320 
1.314160 
1.590090 
0.944510 

0.063110 
3 .%132OCl 
0.709130 
0 . 014770 

-0 2 5 22 10 

-0.196570 
-0 . 147 740 
0.476340 
0 -064790 
-0 . 190990 
-0.275070 
0.259630 
0.044580 
-0.143100 
-0 238 190 
0.098480 
0.002710 
-0 106370 
-0 169270 
0 . 008210 
-0 040480 
-0.105830 
-0 147240 

100.014 
97.248 
98.114 
99 . 223 
99.530 
107.797 
79 -984 
97 -885 
98.700 
99.674 
97.882 
86.574 
96.774 
99.650 
112.373 
100 . 760 
103.463 
99.417 
100.304 
99,922 
100.371 
99 -332 
99.484 
99 . 738 
99 . 227 
98 -007 
99.568 
99.612 
99 . 169 
99.267 
99.365 
99.411 

99 .a 56 

The r e s u l t s  given i n  t h i s  sect ion c lear ly-show t h a t  the boundary 

approach may have considerble d i f f i c u l t i e s  i n  handling problems w i t h  

s ingu la r  cha rac te r i s t i cs .  

deter iorates i n  the v i c i n i t y  of a s i n g u l a r i t y .  On the other hand, the  

boundary-1 ayer approach can give acceptable design sensi t i  v i  ty  r e s u l t s  

throughout the domain . 

The accuracy o f  the boundary approach r a p i d l y  
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For t h i s  s p e c i f i c  problem, 56 per cent of cpu t ime i s  saved by 

using the boundary-layer approach, instead of t he  domain approach, 

wi thout s a c r i f i c i n g  accuracy o f  design s e n s i t i v i t y .  

Mesh refinement i s  one of the techniques t o  deal w i t h  s ingu la r  

problems. It i s  confirmed t h a t  one can get a s i m i l a r  r e s u l t  w i t h  

smal 1 er  . boundary-1 ayer by i n t  roduci ng a r e f i  ned model . 

5.3 F i l l e t  Problem 

5.3.1 I n t  roduct i on 

Finding the  best shape o f  a f i l l e t  i n  a tens ion member has 

a t t rac ted  many engineers w i t h  d i f f e r e n t  methods. Q u i t e  recent ly,  Yang 

and Choi E231 studied the problem using the  boundary approach and smooth 

boundary representat ion by polynomial spl  i nes. 

I n  t h i s  section, shape design s e n s i t i v i t y  analys is  o f  a f i l l e t  i s  

performed with the boundary-1 ayer approach o f  SDSA and B-spl i ne boundary 

repesentation. The v e l o c i t y  element idea i s  a lso used t o  f i n d  the 

v e l o c i t y  and d e r i  v a t i  ve o f  v e l o c i t y  i n  the boundary-1 ayer. 

Numerous t e s t s  show t h a t  t he  boundary approach t o  SDSA may be 

adequate f o r  component design (wi thout s i n g u l a r i t y )  but  may not be 

s a t i s f a c t o r y  f o r  b u i l t - u p  structures.  

y i e l d s  excel lent  shape design s e n s i t i v i t y  analys is  r e s u l t s  f o r  t h i s  

f i l l e t  problem, using 8-noded isoparametr ic f i n i t e  elements, numerical 

i n teg ra t i on  based on Gauss p o i n t  data , and polynomial spl  i ne boundary 

representation C231. 

vel oc i  t y  approximati on by vel oc i  t y  element and boundary approxi mati on by 

B-spline funct ions,  i n  the boundary-layer approach t o  SDSA. 

The boundary approach t o  SDSA 

The major concern here i s  t o  t e s t  v a l i d i t y  o f  



Two designs (shapes) are chosen t o  be analyzed: 

(i ) The i n i t i a l  design w i th  s t r a i g h t  boundary. . 

(ii) The near optimum design o f  Ref. 23. 

Shape design s e n s i t i v i t y  analysis r e s u l t s  are then compared t o  r e s u l t s  

obtained w i t h  the  boundary approach. 

5.3.2 System D i s c r i p t i o n  and Formulation 

Consider f i r s t  a f i l l e t  w i t h  s t r a i g h t  boundary, shown i n  Fig. 

5.3.1. The design for t h i s  problem i s  the shape o f  varying boundary 

between points  A and B, without moving these two points.  

symmetry, only the upper ha l f  of a f i l l e t  i s  analyzed. 

t h e  s t ruc tu re  and appl ied loads are given i n  Fig. 5.3.1. 

segment r3 i s  the center- l ine o f  the f i l l e t  and r2 i s  the uni formly 

loaded edge. 

Due t o  

Dimensions o f  

The 

1 

1 b / i n  

Figure 5.3.1 F i l l e t  w i t h  S t ra igh t  Boundary 

Next, a design shown i n  Fig. 5.3.2 which i s  near the optimum of  

Ref. 23 i s  chosen t o  be analyzed. Notice the  almost v e r t i c a l  slope near 
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po in t  A and hor izon ta l  slope near po in t  B. This shape, espec ia l l y  near 

p o i n t  A, causes d i s t o r t i o n  i n  the  f i n i t e  element mesh f o r  analysis. 

A 

Figure 5.3.2 F i l l e t  a t  Optimum 

Kinemati c a l  boundary condi t ions are 

I = o f o r  x r_ r4 
z2 = 0 f o r  x € r3 
z1 

where z1 and 22 denote displacements i n  x1 and x2 d i rec t ions ,  

respect ive ly  . The t r a c t i o n  boundary cond i t ion  i s 

2 
Ti = 1 aij(z) n j for x c r2 

j=l 

(5.3.1) 

(5.3.2) 

where Q. i s  t he  ( j ) - t h  component o f  the  outward normal t o  r2 and T1 and 

T2 are x1 and x2 components o f  surface t rac t i on .  The space of 

k inemat ica l ly  admissible displacements i s  def ined as 

J 
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2 
Z = {z =(z1,z2) € [ H I @ ) ]  : z1 = 0, x r4 and z2 = 0, x r3} 

(5.3.3) 

The v a r i a t i o n a l  form of t h e  governing equation i s  

a(z, Y) = 10, for  a l l  T € Z  

where 

(5.3.4) 

(5.3.5) 

(5.3.6) 

Stress const ra in t  funct ional  s o f  the  f o l  1 owi ng type are considered: 

(5.3.7) 

where M i s  a cha rac te r i s t i c  funct ion and 4 i s  von Mises y i e l d  stress. 

Fol lowing the procedure of Chapter 2, one obtains the shape design 

sensi t i  v i  t y  f ormul a 

P 
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(5.3.8 ) 

where X i s  the s o l u t i o n  o f  t he  a d j o i n t  equation o f  Eq. 2.2.40, which can 

be rewr i t t en  f o r  t h i s  problem as 

Notice t h a t  only f i r s t  de r i va t i ves  of the v e l o c i t y  f i e l d  appear i n  

Eq. 5.3.8, requ i r i ng  only a Co design v e l o c i t y  f i e l d  (see Chapter 3). 

5.3.3 Numerical Test 

The f i r s t  step i n  using the  boundary-layer approach t o  SDSA i s  t o  

determine the best poss ib le  s i z e  and l o c a t i o n  o f  boundary-layer i n  the 

domain. For t h i s  purpose, one may d i s c r e t i z e  the  whole domain i n t o  

r e l a t i v e l y  f i n e  mesh, f o r  f i n i t e  element analysis.  Based on t h i s  

analysis r e s u l t  , one can construct  sui  tab1 e s i  ze for  the boundary-1 ayer 

a f t e r  i s o l a t i n g  c r i t i c a l  regions by measuring s t r a i n  energy densi ty  [45] 

near the var ied boundary. The boundary-layer chosen (27% of the t o t a l  

area) i s  shown i n  Fig. 5.3.3 w i t h  i t s  (s,t) boundary-layer coordinate 

system. I n  Fig. 5.3.4, the f i n i t e  element model w i t h  319 elements and 
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1994 a c t i v e  degrees-of-freedom i s  shown. The element type used i s  an 8- 

noded i soparametri c e l  ement . 

Figure 5.3.3 Boundary-Layer 0 and 
Boundary-Layer Ctordinate System ( s  ,t) 

A 

Figure 5.3.4 F i n i t e  Element Mesh f o r  F i l l e t  
w i t h  S t ra ight  Boundary 
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A 

Figure 5.3.5 F i n i t e  Element Mesh f o r  F i l l e t  a t  Optimum 

Veloci ty and d e r i v a t i v e  o f  v e l o c i t y  are evaluated using the  

v e l o c i t y  element idea explained i n  Section 2.3. Normally, a two 

dimensional v e l o c i t y  has two components, Vs and V t he  i n  s- and t- 

d i  rect ions , respect ive ly  . 
since the domain i s  al lowed t o  vary only i n  the t - d i r e c t i o n .  Note 

t h a t  V: = aV /as i s  not necessar i ly  zero i n  t h i s  v e l o c i t y  f i e l d .  For 

ve l  o c i  t y  i nterpol  a t i  on, vel  oc i  t y  a1 ong the  i nne r  boundi ng s u r f  ace y and 

v e l o c i t y  along the  outer  bounding surface r must be specif ied. 

along y i s  zero, since y i s  not allowed t o  move. 

be speci f ied by per turb ing the  boundary r and 

us ing  the isoparametric mapping given i n  Section 2.3. 

predicted change $', c a l c u l a t i o n  i s  c a r r i e d  out over the boundary- 

l a y e r  %, due t o  zero v e l o c i t y  d e r i v a t i v e  i n  n %. 

t 

However, t h e  s-component o f  v e l o c i t y  i s  zero, 

t 

Ve loc i t y  

Veloc i ty  along I' can 

t t V s  and Vt can be found 

To evaluate the  
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As noted prev ious ly ,  the r a t i o  between pred ic ted  change $' and 

actual  change A$ t imes 100 i s  used as an accuracy measure o f  shape 

design s e n s i t i v i t y .  The actual change A$ i s  def ined as 

A$ = $(b +6b) = g(b ) , where b i s  cur ren t  design and 6b i s  design 

change. Note t h a t  t h i s  accuracy measure may not  g ive  co r rec t  

in fo rmat ion  when the  actual  change A$ i s  very small, compared 

t o  $(b ), because t h e  dif ference A$ may lose  prec is ion,  due t o  the  

0 0 0 

0 

subt rac t ion  $(b 0 +ass) = $(bo). 

Shape design s e n s i t i v i t y  analys is  resu l t s ,  w i t h  a 0.1% design 

per turbat ion,  f o r  a f i l l e t  with s t r a i g h t  boundary are given i n  Table 

5.3.1. For convenience, the same r e s u l t s  are summarized i n  Fig. 5.3.6 

graph ica l l y .  One can see f rom Table 5.3.1 t h a t  very good accuracy can 

be ob ta i  ned with the  bounday-1 ayer and v e l o c i t y  element approaches, 

except f o r  elements 32, 105, 126, 133, 248, 256, 296, 301, 308 and 

309. However, the  magnitude o f  actua l  changes i n  the  above elements i s  

smal ler  than i n  others, so A$ may lose prec is ion .  I n  Table 5.3.2, SOSA 

r e s u l t s  obtained w i t h  the  boundary approach [23] are l i s t e d  and 

summari zed graph1 ca l  l y  i n  F i  g . 5 . 3 . 7. The boundary approach g i  ves good 

design s e n s i t i v i t y  r e s u l t s  f o r  t h i s  problem. Elements 28, 31, 33, 35, 

37, 51, 52, 58, 73 t h r u  75, 79, and 84 show poorer accuracy than others, 

bu t  t h i s  may be a t t r i b u t e d  t o  t he  smal ler  magnitudes o f  t h e i r  actua l  

changes . 
I n  Tables 5.3.3 and 5.3.4, shape design s e n s i t i v i t y  analys is  

r e s u l t s  f o r  a f i l l e t  a t  a t  near  optimum design, which are obtained w i t h  

0.1% design per tu rba t ion  by the boundary-layer and boundary approaches, 

respect ive ly ,  are given. For comparison, summaries of these r e s u l t s  are 
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shown graphica l ly  i n  Figs. 5.3.8 and 5.3.9. 

boundary are not  exac t l y  the same, p a r t l y  because of d i f ferences i n  the  

design space and p a r t l y  because of t h e  d i f f e r e n t  approximation methods 

used . 

Note t h a t  the shapes of the 

One can observe t h a t  b e t t e r  agreement w i t h  f i n i t e  d i f f e rence  

r e s u l t s  i s  obtained w i t h  the boundary-layer approach than the boundary 

approach. 

before i n t e r p r e t i n g  resu l t s .  Some elements (elements 9, 38, 237 t h r u  

However, one should consider the  dif ference i n  g r i dd ing  

239, and 247 f o r  the boundary-layer approach, and elements 25, 80, 84,  

93, 98, 103 f o r  boundary approach) show below marginal design 

s e n s i t i v i t i e s .  However, f o r  elements 9, 38, and 238 f o r  t he  boundary- 

l a y e r  approach and element 25 f o r  the boundary approach, t he  actual  

changes are smal ler  than f o r  others. 

237, 239, and 247 i n  the boundary-layer approach and element 80 i n  t h e  

boundary approach may be caused by bad element aspect r a t i o  ( r a t i o  

between two ad j c e n t  s i  des f o r  quadri 1 a t e r a l  element) . 

Poor s e n s i t i v i t i e s  o f  elements 
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32 r 
out of  range 
70-1 30% w i t h  
small change 

\\ 133 

Figure 5.3.6 Summary of SDSA Result by Boundary-Layer 
Approach a t  Desi gn w i t h  S t  rai ght Boundary 

73,74,75 
/----- 

Figure 5.3.7 Summary o f  SDSA Result  by Boundary 
Approach a t  Design w i t h  S t ra igh t  Boundary 
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237,238,239 

Figure 5.3.8 Summary o f  SDSA Result by Boundary-Layer 
Approach at Optimum o f  Ref. 23 

25 

80 

Figure 5.3.9 Summary of SDSA Result by Boundary 
Approach a t  Optimum o f  Ref. 23 
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E l  t 
# 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 

---- 

Table 5.3.1 SDSA Result o f  F i l l e t  
w i th  S t ra ight  Boundary 
Using Boundary-1 ayer Approach 

von Mises Stress Actual Predict  Ratio x 100 
OLD NEW Change Change x 

).---.----.----.----.-.----.-------..------------------------- 

460.225940 460.350740 0.124800 0.125450 100.525 
454.708990 454.843410 0.134420 0.135130 100 . 534 
443.380220 443.534470 0.154250 0.155090 100.546 
425.632450 425.817950 0.185500 0.186540 100 . 560 

100 350 400 . 525300 400 . 7558 70 0 . 230570 0.231840 
100.540 366.699190 366.990980 0.291790 0.293360 
100.384 322.490570 322.866690 0.376120 0.377560 

265.627070 266.100090 0.433020 0.474630 i00.341 
196.945070 197 . 55468 0 0 . 609620 0 -608590 99.8 32 

100.513 460.796120 460.901200 0.105080 0.105610 
456 -924230 457.034510 0.110290 0.110860 100.516 
449.108250 449.228700 0.120450 0.121080 100.525 
437 -239910 437.3 74780 0 . 1348 70 0 . 135600 100.539 

401.385180 401.552700 0.167530 0.168660 100 -677 
378.450110 378.623250 0.173140 0.175050 101.105 
354.8 76240 355 . 0408 20 0 . 16458 0 0 . 168400 102.320 
332.326810 332.461760 0.134950 0.144450 107.039 
469.322020 469.395050 0.073030 0.073370 100.477 

100.472 467.321060 467.394880 0.073820 0.074170 
100 -470 463.411370 463.486040 0.074680 0.075030 
100.488 457 .817900 457.891860 0.073960 0.074320 

450.980340 451.049140 0.068800 0.069210 100.593 
443.666440 443.721520 0.055080 0.055630 101.006 

103 -391 436.996520 437.024870 0.028350 0.029310 
431.888270 431.878960 -0.009310 -0.007960 85.550 
426.352600 426.313710 -0.038880 -0.039260 100.973 
48 3.728570 483.762420 0 -033850 0.033970 100.351 

100 -306 483.447360 483.478810 0.031450 0.031540 
483.035810 483.061790 0 -025970 0.026020 100.195 
482.808910 482.824990 0.016080 0.016070 99.895 
483.255410 483.255370 -0.000040 -0.000140 373.135 
484 . 993980 484 09 700 10 -0 0239 70 -0 024160 100 -806 
488.538740 488.483690 -0.055050 -0.055420 100 . 670 

101 . 188 
498.060230 497.961960 -0.098270 -0.101230 103.012 
501.822780 501.815170 -0.007610 -0.007720 101 -494 
502.904160 502.892550 -0.011610 -0.011760 101 296 
505.197510 505 -1 77560 -0.019950 -0.020180 101.138 
508.951300 508.918140 -0.033160 -0.033510 101.055 
514 . 48 9 690 5 14 4 38 100 -0 05 1600 -0 052 130 101.034 

101.089 
101 -286 

542.944160 542.825700 -0.118460 -0.120540 101.763 
553 .8 74000 553.752130 -0 . 1218 70 -0 125280 102 . 790 

421.261880 421.413600 0.151720 0.152600 100.582 

493 6 3 18 90 49 3 54 598 0 -0 08 59 10 -0 08 69 30 

522.102190 522.027550 -0.074640 -0.075450 
531.804730 531.705470 -0.099260 -0.100540 
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Table 5.3.1 continued 

46 
47 
48 
49 
50 
5 1  
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
80 
81  
82 
83 
84 
85 
86 
87 
88 
89 
90 
91 
92 
93 
94 
95 

521.472370 
523.506730 
527 . 652710 
534.040910 
542.798360 
553.943880 
567.227450 
581.956790 
596.983620 
540.743510 
543.364530 
548.630270 
556.564430 
567.141110 
580.209020 
595 . 401290 
612.073960 
629.3668 70 
557.989290 
560.913630 
566.746520 
575.437510 
586.865110 
600.787730 
616.795760 
634.293440 
652 354930 
571.735950 
574.841290 
581.010830 
590.147510 
602 . 071 270 
616 .48582O 
632.950610 
650.8 76510 
669.566560 
686.719050 
702.052950 
716.765290 
730.566360 
743.108560 
753.958250 
762.602790 
768.565320 
771.680660 
772.530720 
772.860930 
775.499150 
58 1.1 7 28 90 
58 4.41 5920 

521.424990 
523.455090 
527.592570 
5 3 3 . 968 220 
542 . 709800 
553.8 378 60 
567.1058 10 
58 1.826650 
596.857520 
540 . 660890 
543.278230 
548.536880 
556.461190 
567.026510 
580 A83640 
595 -268820 
61 1 . 9418 30 
629 -245580 
55 7.8 7 7 730 
560.799310 
566.627090 
575.311460 
586.732360 
600.650250 
616 . 658 100 
634.162950 
652.440950 
571.602880 
574.706320 
580.872520 
590.005360 
601.926250 
616.340830 
632.8 10840 
650.749390 
669.461000 
686.639790 
702.001990 
716.745940 
730.579480 
743.152900 
7 5 4 . 0288 40 
762.689640 
768.652000 
771.744680 
772.547320 
772.813070 
775.383700 
58 1 . 0258 10 
584 . 267550 

-0 0047380 
-0.051640 
-0.060140 
-0.072690 
-0.088560 
-0 106020 
-0.121640 
-0.130140 
-0 . 126090 
-0.082620 
-0 . 08 6300 
-0 093390 
-0.103240 
-0 . 114600 
-0.125380 
-0.132480 
-0 . 1321 30 
-0.121280 
-0 . 11 1560 
-0 114320 
-0.119430 
-0.126050 
-0 . 1327 50 
-0 . 137490 
-0 . 1 3 7660 
-0 . 130490 
-0 113980 
-0.133070 
-0 1349 70 
-0.138310 
-0 142150 
-0.145020 
-0.144990 
-0.139770 
-0.127130 
-0.105560 
-0.079260 
-0.050950 
-0.019360 
0 . 013130 
0.044340 
0.070590 
0.08 68 50 
0.08 6690 
0.064020 
0.016600 

-0.047860 
-0.115450 
-0 . 14708 0 
-0.148360 

-0.047700 
-0.052000 
-0.060590 
-0.073270 
-0 -089370 
-0.107170 
-0.123310 
-0 . 132520 
-0.129 130 
-O.0831OO 
-0.086820 
-0 093980 
-0.103950 
-00115480 
-0.126540 
-0 . 134050 
-0 . 134320 
-0 124070 
-0.112150 
-0.114930 
-0 0 120080 
-0.126760 
-0,133550 
-0 138410 
-0.138 750 
-0 131840 
-0 . 115740 
-0.133720 
-0 135630 
-0.138970 
-0 . 1428 10 
-0 145670 
-0 . 145580 
-0 . 140240 
-0.127270 
-0.105120 
-0.076340 
-0.050740 
-0 0 16 150 
0 . 01 7560 
0.049570 
0 . 076210 
0.092390 
0 . 09 1620 
0.067700 
0.018010 

-0.040690 
-0 0 115010 
-0.147760 
-0.149030 

100.676 
100.698 
100 . 741 
100.807 
100.910 
101.079 
101.368 
101.826 
102.408 
100.583 
100.597 
100.628 
100.681 
100.771 
100.926 
101.191 
101 -658 
102 -298 
100.529 
100.533 
100.545 
100.566 
100 . 604 
100.673 
100 -793 
101.040 
101.546 
100.489 
100.485 
100.477 
100.465 
100.445 
100.408 
100.335 
100.116 
99.584 
96.309 
99.576 
83.454 

133.800 
111.805 
107.972 
106.380 
105.687 
105.746 
108.537 
85.016 
99.613 

100.461 
100.451 
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Table 5.3.1 continued 

96 
97 
98 
99 
100 
101 
102 
103 
104 

590.844670 
600.332060 
612.658950 
627.488410 
644.346030 
662.618950 
68 1 . 58 47 70 
698 . 166420 
712.08.5750 

590.694240 
600 . 1 79 78 0 
612.506530 
627.339430 
644.206220 
662.495970 
68 1 . 48 7530 
698.098360 
712.047100 

105 725.256790 725.250100 
106 737.357500 737.383230 
107 748.039730 748.095420 
108 756.930640 757.009990 
109 763.6618 10 763 . 753610 
110 767.983580 768.071160 
111 769.988690 770.050920 
112 770.420260 770.435450 
113 770.942640 770.895350 
114 774.042640 773.930200 
115 586.033940 585.879870 
116 589.337690 589.182680 

118 605.520130 605.362960 
119 618.020110 617.864230 
120 633.024260 632.873600 
121 650.041680 649.902200 
122 668.444960 668.324440 
123 687.490560 687.397840 
124 703.736710 703.674550 
125 716.921560 716.889270 
126 729.301040 729.300820 
127 740.540960 740.572820 
128 750.298990 750.359950 
129 758.235280 758.318450 
130 764.055070 764.148790 
131 767.616050 767.703700 
132 769 . 123210 769 . 184410 
133 769.384080 769.398430 
134 770.011210 769.964370 
135 773.332760 773.221910 
136 1448.297520 1449.233560 
137 1268.184480 1268 -543660 
138 1130.540300 1130.711710 
139 1068.909820 1068.990310 
140 1030.5 11320 1030 343650 
141 1009.857070 1009.864820 
142 1000.660140 1000.658720 
143 999.751440 999.750850 
144 1092.378200 1092.501350 
145 1141.341490 1141.651140 

. 117 595.880190 595.723810 

-0.150430 
-0.152280 
-0.152430 
-0.148980 
-0 1398 10 
-0.122980 
-0.097240 
-0 . 068070 
-0.038650 
-0 006690 
0 . 025 730 
0.055690 
0 .X9350 
0 . 091800 
0 -08 7580 
0.062230 
0 . 0 15 18 0 
-0.047290 
-0.112440 
-0.154070 
-0 155010 
-0.156380 
-0 1571 70 
-0 1 5588 0 
-0.150660 
-0.139480 
-0.120520 
-0.092720 
-0.062170 
-0.032290 
-0 . 000220 
0 . 0318 70 
0.060960 
0.083160 
0.093720 
0.08 7650 
0.061200 
0.014350 
-0 . 0468 40 - 0 . 1 108 50 
0.9 36040 
0.359 180 
0.171400 
0 . 080490 
0.032320 
0 . 007 740 
-0.001420 
-0.000590 
0.123150 

-0.151070 
-0 152870 
-0.152920 
-0 149280 
-0.139790 
-0 122400 
-0.095710 
-0.066810 
-0 -036220 
-0 003530 
0.029630 
0 . 060250 
0.084210 
0 . 096460 
0.091630 
0.064890 
0 . 01 7600 
-0.042120 
-0.109650 
-0 154760 
-0 . 155680 
-0.157010 
-0 . 157720 
-0.156280 
-0 . 1508 10 
-0 139240 
-0.119810 
-0 09 1610 
-0 . 060420 
-0.029590 
0.003490 
0.036040 
0.065380 
0.087640 
0.097940 
0 . 09 1250 
0.064710 
0.0198 70 
-0.044700 
-0 . 110090 
0.9 17880 
0.366160 
0 . 171080 
0.080890 
0.032360 
0.007790 
-0.001400 
-0 000590 
0.126220 

0.309650 0.301950 

100.428 
100.389 
100.321 
100.203 
99.987 
99.529 
98 -426 
98 . 158 
93 . 720 
52.707 
115.171 
108.173 
'106.126 
105.076 
104.615 
104.266 
115.918 
89.074 
97.522 
100.446 
100.433 
100.402 
100 . 347 
100 . 253 
100.097 
99.832 
99 . 406 
98 -805 
97.187 
91.630 

-1612.521 
113.102 
107.240 
105.387 
104.501 
104.108 
105.725 
138.484 
95.419 
99.317 
98.060 
101.942 
99.8 14 
100.494 
100 . 122 
100.636 
98.583 
99.354 
102.492 
97.513 
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146 1116.366540 1116.559930 

148 1039.013640 1039.069870 
149 1017.870040 1017.894610 
150 1005.330910 1005.338100 
151 1000.952770 1000.954730 
152 944.428530 944.227510 
153 1016.872820 1016.928380 
154 1047.154970 1047.262080 
155 1040.762720 1040.842750 
156 1026.143840 1026.191470 
157 1012.201320 1012.223240 
158 1001.951340 1001.956380 
159 998.551420 998.551320 
160 877.729960 877.445410 
161 930.708770 930.588760 
162 976.693980 976.682190 
163 997.395630 997.414200 
164 1001.185310 1001.201330 
165 998.165730 998.171100 
166 993.803710 993.799250 
167 993.120980 993.114430 
168 838.605360 838.330050 
169 878.283650 878.086450 
170 922.658450 922.555240 
171 954.996180 954.948440 
172 972.785140 972.760140 
173 980.678690 980.660200 
174 983.469050 983.451060 
175 985.818590 985.802660 
176 814.601880 814.357350 
177 845.254100 845.033510 
178 884.327910 884.169940 
179 920.186950 920.085500 
180 946.544030 946.479370 
181 963.335200 963.291460 

183 977.974080 977.947770 
184 799.235260 799.022610 
185 824.044430 823.824910 
186 858.174280 857.988980 
187 894.063380 893.924960 
188 925.067210 924.970220 
189 948 . 303040 948 . 236740 
190 963.451980 963.405710 
191 970.750140 970.714190 
192 789.360520 789.174080 
193 810.413040 810.202820 
194 840.834380 840.637890 

147 1070.450880 1070.559520 

182 972.a97530 972.864850 

0.193390 
0.108640 
0.056230 
0 -024570 
0.007190 
0.001960 
-0.201020 
0.055560 
0.107120 
0 . 080030 
0.047640 
0 . 021920 
0.005040 
-0.000100 
-0.284540 
-0.120010 
-0.011790 
0 . 0 18570 
0.016010 
0 . 005370 
-0.004450 
-0 006540 
-0.275310 
-0 197200 
-0.103210 
-0 . 047740 
-0 . 025000 
-0.018490 
-0 -017990 
-0.015930 
-0 . 244520 
-0.220590 
-0 157970 
-0.101460 
-0.064650 
-0 043750 
-0.032680 
-0 026320 
-0.212650 
-0.219530 
-0.185290 
-0 . 138420 
-0.096990 
-0 . 066300 
-0.046270 
-0.035950 
-0 186440 
-0.210220 
-0 196490 

0.192710 
. o  . 108 120 
0.056030 
0.024480 
0.0071 70 
0.001950 

0.053600 
0.105380 
0.079 120 
0.047190 
0 . 021 730 
0.00498 0 
-0.0001 10 
-0.280700 
-0.119410 
-0.012760 

-0.197880 

0.017740 
0 . 0 15540 
0.005140 
-0.004520 
-0 -006540 
-0 2 738 60 
-0 196280 
-0 103330 
-0.048 160 
-0.025310 
-0.018640 
-0 0 18 010 
-0 0 15890 
-0 02448 30 
-0.220120 
-0.157680 
-0.101430 
-0.064690 
-0 043740 
-0 0 32620 
-0 0026220 
-0 02 14550 
-0.219410 
-0 18478 0 
-0 . 138020 
-0.096720 
-0.066120 
-0 046 120 
-0 0358 00 
-0 18 7450 
-0 209700 
-0 195660 

99 . 650 
99.518 
99.657 
99.645 
99.628 
99 0455 
98 . 440 
96.471 
98.374 
98 -864 
99.072 
99.111 
98.753 
115.988 
98.650 
99 . 503 
108 -229 
95.523 
97.052 
95 -848 
101.417 
100.005 
99 -472 
99 . 531 
100 . 112 
100.869 
101.246 
100.790 
100.115 
99 . 760 
100.128 
99.787 
99 .8 14 
99.977 
100 -053 
99 . 991 
99.8 23 
99.643 
100 -891 
99.946 
99.725 
99 . 707 
99.725 
99.719 
99.667 
99.569 
100.544 
99.756 
99.580 

. 

195 875.712910 875.551790 -0.161110 -0.160360 99.535 
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196 
19 7 
198 
199 
200 
201 
202 
203 
204 
205 
206 
207 
208 
209 
210 
211 
212 
213 
214 
215 
216 
217 
218 
219 
220 
221 
222 
223 
224 
225 
226 
227 
228 
229 
230 
23 1 
232 
233 
234 
235 
236 
237 
238 
239 
240 
241 
242 
243 
244 
245 

909 -089450 
936.656910 
955.989520 
964.999160 
784.883410 
804.257110 
832.799860 
866.826590 
900.998830 
930.551950 
951.988900 
961 -875430 
78 3 . 5 55740 
802 . 474160 
830 . 318040 
863 -854690 
898 . 100340 
928 . 2338 20 
950 . 3748 40 
960.532190 
782.904350 
801.600690 
829 .lo2930 
862.393840 
896.665910 
92 7 . 0 78 7 40 
949.564460 
959.852690 
670.357340 
647.393150 
614.4368 10 
569.515910 
510.326130 
433.622300 
332.650720 
18 6.625 18 0 
68 7 . 40228 0 
666.179190 
634.965330 
591.514530 
533.462270 
458.177600 
361.999770 
241 . 168070 
704.068700 
68 5.025900 
656 . 184340 
614.986500 
558.997580 
486.457450 

908.969210 
936.572990 
955.932300 
964.955570 
78 4.7 10260 
8 04 . 054090 
832.600760 
8 66.6558 60 
900.8 67220 
930.458790 
951.925760 
961.827710 
783 . 38 68 70 
802.274170 
830.1 188 70 
863.681020 
897.964690 
928.137120 
950.309290 
960.48 2710 
78 2 . 7 3 75 10 
801.402240 
828.903800 
862.218770 
8 9 6.5 28 290 
9 2 6 . 98 0290 
949.49 7710 
959.802330 
670.266400 
647.289 780 
614.322390 
569.399920 
5 10 . 228 900 
433 . 577820 
332.729660 
18 7.2758 10 
687.331930 
666.070870 
634.801550 
59 1 . 28 1560 
533.154440 
457 . 795030 
361.536920 
240.4931 70 
704.025000 
68 4.9 338 50 
656 . 0 15490 
614.712580 
558 .596120 
48 5.91 1060 

-0 120240 
-0 0083920 
-0 057220 
-0.043590 
-0.173150 
-0 203020 
-0.199100 
-0 170740 
-0 131 610 
-0 093150 
-0.063140 
-0 .04772O 
-0 1688 70 
-0 . 199990 
-0.199160 
-0.173670 
-0.135650 
-0.096690 
-0.065550 
-0.049480 
-0.166840 
-0.198450 
-0.199130 
-0 175060 
-0,137620 
-0.098450 
-0.066750 
-0.050360 
-0 . 090940 
-0 103380 
-0 114420 
-0.115980 
-0.097230 
-0.044480 
0.078930 
0 . 650640 
-0 070350 
-0.108320 
-0.163780 
-0.232970 
-0 30 78 30 
-0.382560 
-0.462850 
-0.674900 
-0.043710 
-0.092050 

-0.273920 
-0.401460 
-0.546380 

-0.168850 

-0 119700 
-0.083560 
-0 -056970 
-0.043380 
-0.171700 
-0.201970 
-0 . 197920 
-0.169770 
-0 130900 
-0 -092690 
-0.062840 
-0 .047480 
-0.166%0 
-0 198430 
-0.197820 
-0 . 172600 
-0 . 134870 
-0.096180 
-0 065220 
-0 049220 
-0 164330 
-0 196580 
-0,197680 
-0,173930 
-0 1 368 10 
-0 . 097920 
-0.066410 
-0.050100 
-0 092620 
-0.106480 
-0.118610 
-0.121590 
-0.104350 
-0.053090 
0.067910 
0.657360 
-0.0668 30 
-0 107570 
-0 . 161900 
-0 224400 
-0 285740 
-0 -339060 
-0 . 38 238 0 
-0 -476450 
-0.034120 
-0.093270 
-0 174150 
-0.275940 
-0.391720 
-0 514040 

99.551 . 
99.569 
99 . 569 
99.518 
99.161 
99.483 
99 -407 
99.435 
99 . 464 
99 . 499 
99.520 
99.493 
98.8 60 
99.219 
99.324 
99.382 
99.427 
99.470 
99.500 
99.482 
98 0499 
99.060 
99.274 
99.353 
99.409 
99.455 
99.489 
99 0477 
101 -848 
102.999 
103.661 
104.839 
107.328 
119.345 
86.038 
101.033 
94.999 
99.302 
98.8 49 
96.322 
92.826 
88 . 629 
82.614 
70.595 
78.056 
101.331 
103.141 
100.736 
97.574 
94.081 
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246 
247 
248 
249 
250 
251 
252 
253 
254 
255 
256 
257 
258 
259 
260 
261 
262 
263 
264 
265 
266 
267 
268 
269 
270 
271 
272 
273 
274 
275 
276 
277 
278 
279 
28 0 
28 1 
282 
283 
28 4 
285 
286 
28 7 
288 
28 9 
290 
29 1 
292 
293 
294 
295 

397.035040 
297.264910 
720.164270 
703.962480 
678.496900 
640.872130 
588.516300 
520.391510 
438.721770 
353.044990 
735.395460 
722.864980 
702.100480 
669.830210 
623.060850 
56 0.8 48 400 
48 6 . 460930 
409 . 774860 
749.278720 
741 . 280000 
726.729480 
701.987890 
663.207990 
608.499530 
540.746160 
469.192550 
761.09 7080 
758 -273260 
751.373400 
736.633490 
708.996200 
664.312760 
603.214220 
533.948210 
769 -983920 
772.392380 
773.971660 
771.630890 
759.425100 
729.458080 
677.295650 
607 . 928490 
775.261310 
78 1 . 9 713 100 
791.380310 
802.425940 
810.550440 
804.052270 
767.633290 
699.520850 

396.28 78 20 
296.034610 
720.153150 
703.900730 
678.349260 
640.598 130 
588.078790 
519.759280 
437.845400 
35 1.806240 
735.416970 
722.836150 
701.978940 
669.559720 
622.583330 
560.123000 
48 5 . 46698 0 
408.517960 
749.330500 
741.287250 

701.740910 

607.691400 
539.636320 
467.863750 
761.171940 
758.316800 
751.343450 
736.448 7 10 
708 -531500 
663.453630 
601.965030 
532 . 473860 
770.066520 
772.462130 
774.002220 
771.553720 
759.092370 
728 -638690 
675.882370 
606.174560 
775.326430 
78 2 . 0458 60 
791.447510 
802.464910 
810.456290 
803.530960 
766.126510 
69 7 . 222700 

726.645880 

662 . 710940 

-0 . 747210 
-1.230300 
-0 001 1120 
-0 0061750 
-0.147640 
-0 274010 
-0 . 437510 
-0 . 632230 
-0.8 76370 
-1.238760 

-0.0288 30 
-0 12 1540 
-0.270490 
-0.477530 
-0.725400 
-0 . 993950 
-1 -256890 

0.021510 

0.051790 
0.007250 
-0 08 3600 
-0.246980 
-0.497040 
-0.808130 
-1 .lo9840 
-1.328790 
0.074860 
0 -043540 
-0.029950 
-0 184780 
-0.464700 
-0.859130 
-1 0249190 
-1 474350 
0 . 08 25 90 
0.069740 
0.030560 
-0.077170 
-0.332730 
-0.819390 
-1 0413280 
-1 753930 
0.065120 
0.067760 
0.067200 
0.038970 
-0.094150 
-0.521310 
-1 0506780 
-2 298 150 

-0 676680 
-1.098780 
-0 . 002650 
-0.062260 
-0 152610 
-0 . 274280 
-0 . 422240 
-0 58 7400 
-0.783140 
-1.081230 
0.030350 
-0 029460 
-0.125990 
-0.269300 
-0.457640 
-0.670280 
-0 -883530 
-1.067160 
0.061490 
0 . 006820 
-0 08 7960 
-0 244900 
-0.473490 
-0.743770 
-0.982210 
-1.113190 
0 . 08 58 10 
0.043510 
-0.034860 
-0 . 18 31 70 
-0 . 438 6 10 
-0.786690 
-1 . 106040 
-1.237720 
0.095130 
0.070310 
0 -024130 
-0.079180 
-0.308240 
-0 . 739240 
-1 0260830 
-1 -496780 
0.079920 
0 . 069390 
0 . 058 7 70 
0.0291 50 
-0 . 08 3790 
-0.445230 
-1 303330 
-2 .059110 

132 

90 . 560 
89.310 
23.8 73 
100.837 
103.364 
100 . 101 
96.508 
92.910 
89.362 
87.284 
141 . 127 
102 0201 
103.660 
99 . 559 
95.8 34 
92.401 
88 -890 
84.904 
118 . 735 
94.024 
105 -221 
99 . 160 
95.262 
92.036 
88.500 
83.775 
114.627 
99 0935 
116.395 
99.131 
94.387 
91.568 
88 . 540 
83.950 
115.173 
100.815 
78 . 944 
102 -600 
92.639 
90.218 
89.213 
85.339 
122 . 724 
102 -397 
87.457 
74 . 798 
88 . 998 
85.406 
86.497 
89.599 , 
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296 777.116790 777.133970 
29 7 78 6.18 588 0 78 6 . 207920 
298 800.547980 800.586860 
299 822.019170 822.089660 
300 851.149510 851.243410 
301 882.383610 882.365300 
302 886.252760 885.452810 
303 819.420130 816.000120 
304 777.384530 777.329830 
305 786.667390 786.603100 
306 801.827370 801.759080 
307 826.220540 826.160750 
308 865.789770 865.770730 
309 930.718850 930.769820 
310 1009.672510 1009.414690 
311 1029.763760 1027.087350 
312 779.599730 779.469730 
313 788.256700 788.097650 
314 802.017030 801.817440 
315 823.822100 823.566980 
316 859.881480 859.553390 
317 921.305750 920.881610 
318 1057.980240 1057.591970 
319 1355.168670 1356.577950 

0 . 0 17180 
0 . 022040 
0.038880 
0 . 070490 
0.093890 
-0 018 310 
-0.799950 
-3.420010 
-0 -054710 
-0 -064290 
-0 . 068 290 
-0.059800 
-c . 0!9040 
0.050980 
-0.257820 
-2.676410 
-0 130000 
-0 . 159060 
-0.199600 
-0 255 120 
-0 -328090 
-0.424140 
-0.388270 
1.409280 

0.0335 10 

0.031210 
0 . 054600 
0.079750 
0 . 005780 

.0.025870 

-0 6 5 1 7 7 0 
-3.101070 
-0.033010 
-0 05 1580 
-0.066450 
-0.068570 
-0.030940 
0.020270 
-0 . 22 1050 
-2.076330 
-0.134900 
-0.162400 
-0.200636 
-0 255400 
-0 3 254 10 
-0 . 41 1440 
-0.353050 
1.341410 

195.093 
117.342 
80.268 
77.455 
84.934 
-31 367 
81.476 
90.674 
60.336 
80.230 
97.298 
114.670 
215.064 
39.768 
85.739 
77.579 
103.768 
102.105 
100.519 
100.112 
99.184 
97.006 
90.927 
95.184 

Table 5.3.2 SOSA Result o f  F i l l e t  
with  Strai ght  Boundary 
Using Boundary Approach 

Elt von Mises Stress Actual Predict Ratio x 100 
# OLD NEW Change Change % -.--.---.-------------~-----.----------------------------------- 
1 5.8472E 02 5.8462E 02 -9.8457E-02 -9.9620E-02 101.2 
2 5.6118E 02 5.6110E 02 -7.6042E-02 -7.6976E-02 101.2 
3 5.2143E 02 5.2140E 02 -3.1542E-02 -3.1994E-02 101.4 
4 4.8035E 02 4.8038E 02 2.7311E-02 2.7583E-02 101.0 
5 4.5909E 02 4.5916E 02 7.6280E-02 7.7319E-02 101.4 
6 5.9974E 02 5.9964E 02 -1.0007E-01 -1.0126E-01 101.2 
7 5.7453E 02 5.7445E 02 -8.2602E-02 -8.3568E-02 101.2 
8 5.2974E 02 5.2970E 02 -4.3296E-02 -4.3837E-02 101.2 
9 4.7817E 02 4.7820E 02 2.1408E-02 2.1646E-02 101.1 
10 4.4347E 02 4.4356E 02 9.2272E-02 9.3390E-02 101.2 
11 6.2817E 02 6.2807E 02 -9.6188E-02 -9.7491E-02 101.4 
12 6.0042E 02 6.0033E 02 -8.8724E-02 -8.9666E-02 101.1 
13 5.4726E 02 5.4719E 02 -6.4247E-02 -6.4827E-02 100.9 

15 4.1061E 02 4.1073E 02 1.2390E-01 1.2605E-01 101.7 
16 6.6601E 02 6.6594E 02 -7.5820E-02 -7.7574E-02 102.3 

14 4.7586E 02 4.7586E 02 2.4702E-03 2.0327E-03 82.3 
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17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
3 1  
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
5 1  
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 

6.3572E 02 
5.7357E 02 
4.7770E 02 
3.5786E 02 
6.9710E 02 
7.1825E 02 
6.9661E 02 
6.5764E 02 
5.8102E 02 
4.6113E 02 
2.7831E 02 
7.3320E 02 
7.1372E 02 
7.4496E 02 
7.2683E 02 
7.5486E 02 
7.3979E 02 
7.6261E 02 
7.5330E 02 
7.6786E 02 
7.6679E 02 
7.7083E 02 
7.80306 02 
7.7220E 02 
7.9258E 02 
7.7396E 02 
8.0246E 02 
7.7936E 02 
8.1129E 02 
7.9207E 02 
8.2856E 02 
8.1229E 02 
8.7653E 02 
9.6294E 02 
1.0618E 03 
1.1814E 03 
1.4505E 03 
8.4589E 02 
8.4880E 02 
8.7496E 02 
9.4940E 02 
1.0360E 03 
1.1757E 03 
9.0223E 02 
9.1490E 02 
9.4206E 02 
9.8482E 02 
1.0336E 03 
1.0508E 03 
9.5391E 02 

6.3564E 02 -7.9878E-02 -8.0915E-02 
5 7349E 02 -7 088 12E-02 -7 9284E-02 
4.7765E 02 -4.0955E-02 -3.7159E-02 
3.5803E 02 1.7009E-01 1.7004E-01 
6.9705E 02 -4.6633E-02 -4.8954E-02 
7.1822E 02 -2.1667E-02 -2.4437E-02 
609658E 02 -304476E-02 -3.7337E-02 
6.5758E 02 -5.1717E-02 -5.4135E-02 
5.8096E 02 -5.8213E-02 -6-12506-02 
406109E 02 -3058386-02 -4.5165E-02 
207853E 02 2.1711E-01 2.4585E-01 
7.3320E 02 -5.5668E-04 -3.4957E-03 
7.1371E 02 -1.4117E-02 -1.7536E-02 
7.4498E 02 1.4907E-02 1.2083E-02 
7.2683E 02 -2.6504E-03 -5.9254E-03 
7.5489E 02 2.6403E-02 2.3951E-02 
7.3980E 02 3.6352E-03 7.3813E-04 
7.6264E 02 3.2185E-02 3.0361E-02 
7.5331E 02 4.2699E-03 2.0049E-03 
7.6789E 02 3.0237E-02 2.9227E-02 
7.6679E 02 -8.2116E-05 -1.6278E-03 
7 7085E 02 1.8665E-02 1.8496E-02 
7.8029E 02 -8.5100E-03 -9.4092E-03 
7.7220E 02 -3.9166E-03 -3.3413E-03 
7.9256E 02 -2.2806E-02 -2.3068E-02 
7.7392E 02 -3.6666E-02 -3.5606E-02 
8.0241E 02 -5.0694E-02 -5.0720E-02 
7.7928E 02 -7.4859E-02 -7.3769E-02 
8.1119E 02 -1.0150E-01 -1.0170E-01 
709196E 02 -1.0919E-01 -1.0866E-01 
802841E 02 -1.5614E-01 -1.5726E-01 
8.1217E 02 -1.2628E-01 -1.2669E-01 
8.7637E 02 -1.6071E-01 -1.6511E-01 
906279E 02 -1.4614E-01 -1.5889E-01 
1.0618E 03 -2.7731E-02 -4.2805E-02 
1.1816E 03 1.9755E-01 1.3362E-01 
1.4513E 03 8.0147E-01 9.8812E-01 
8.4576E 02 -1.2561E-01 -1.2727E-01 
8.4867E 02 -1.2924E-01 -1.3139E-01 
8.7483E 02 -1.2866E-01 -1.3244E-01 
9.4932E 02 -8.2362E-02 -9.0174E-02 
1.0360E 03 2.1150E-02 9.9812E-03 
1.1760E 03 2.7348E-01 2.8391E-01 
9.0213E 02 -9.5021E-02 -9.7820E-02 
9.1482E 02 -8.6615E-02 -8.9951E-02 
9.4200E 02 -6.3294E-02 -6.7537E-02 
9.8480E 02 -1.7413E-02 -2.1861E-02 
1.0337E 03 4.7816E-02 4.6460E-02 
1.0508E 03 6.4612E-02 7.4788E-02 
9.5386E 02 -5.1860E-02 -5.5044E-02 

101.3 
100.6 
90.7 

100 . 0 
105.0 
112.8 
108.3 
104 . 7 
105.2 
126.0 
113.2 
628 .O 
124.2 
81.1 

223.6 
90.7 
20.3 
94.3 
47 .O 
96.7 

1982 . 3 
99.1 

110.6 
85.3 

101 02 
97.1 

100 0 1 
98.5 

100.2 
99.5 

100 . 7 
100.3 
102.7 
108.7 
154 . 4 
67.6 

123.3 
101.3 
101.7 
102.9 
109 . 5 
47.2 

103.8 
102.9 
103.9 
106.7 
125.5 
97.2 

115.7 
106.1 
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Table 5.3.1 continued 

67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
80 
81 
82 
83 
84 
85 
86 
87 
88 
89 
90 
91 
92 
93 
94 
95 
96 
97 

99 
100 
101 
102 
103 
104 
105 
106 
107 
108 
109 
110 
111 
112 
113 
114 
115 
116 

98 

9.6080E 02 
9.7339E 02 
9.8928E 02 
1.0021E 03 
1.0033E 03 
6.5150E 02 
5.7123E 02 
4.3689E 02 
2.3246E 02 

6.5023E 02 
5.8080E 02 
4.4891E 02 
2.5724E 02 
6.9411E 02 
6.5909E 02 
5.9088E 02 
4.6213E 02 
2.8408E 02 
6.7732E 02 
6.0183E 02 
4.7693E 02 
3.1242E 02 
6.8648E 02 
6.1412E 02 
4.9370E 02 
3.4163E 02 
7.1586E 02 
6.8901E 02 
6.2816E 02 
5.1280E 02 
3.7164E 02 
7.2978E 02 
7.0140E 02 

5.3431E 02 
4.0249E 02 
7.2171E 02 
6.6186E 02 

4.3436E 02 
7.4656E 02 
6.9300E 02 
5.9934E 02 

7.7840E 02 
7.4416E 02 
6.6588E 02 
5.5962E 02 

6.8278~ 02 

6.4398~ 02 

5.5832~ 02 

4.8463~ 02 

8.1496~ 02 

9.6075~ 02 -4.4736~-02 -4.7812~-02 

9.8927~ 02 -i.2528~-02 -i.4404~-02 
9.7335E 02 -3.1269E-02 -3.3909E-02 

100021E 03 2 5947E-03 2 7839E-03 
1.0033E 03 5.4674E-03 5.5965E-03 
605147E 02 -3.4835E-02 -4.3554E-02 
5.7120E 02 -3.2074E-02 -5.0166E-02 
4.3692E 02 2.8959E-02 -3.3072E-02 
2.3252E 02 5.2253E-02 1.4734E-01 

6.5019E 02 -3.3505E-02 -3.9074E-02 

4.4830E 02 -9.2676E-03 -2.159iE-02 
2.5683E 02 -4.1053E-01 -3.9519E-01 
6.9409E 02 -2.3410E-02 -2.6525E-02 
6.5905E 02 -3.8249E-02 -309128E-02 

6.8275~ 02 -2.6929~-02 -2.9217~-02 

5.8076~ 02 -3.8434~-02 -4.5093~-02 

5.9083E 02 -5.2282E-02 -4.9861E-02 
4.6206~ 02 -7.0384~-02 -3.8428~-02 
2.8340E 02 -6.8259E-01 -7.3049E-01 
6.7728E 02 -3.6266E-02 -3.9646E-02 
6.0177E 02 -6.4684E-02 -6.4156E-02 
4.7682~ 02 -i.o739~-oi -a.2539~-02 
3.1170~ 02 -7.ia24~-oi -7.5366~-01 
6.8644E 02 -4.0228E-02 -4.4847E-02 
6.1404E 02 -8.0436E-02 -8.2375E-02 
4.9356E 02 -1,391lE-01 -1.3250E-01 

7.1583E 02 -2.7971E-02 -3.0594E-02 
3 . 4094~ 02 -6 .a 478~-01 -6.9505~-01 
6.8896~ 02 -5.7235E'-02 -5 . 9934~-02 
6.2806~ 02 -i.o405~-0i -i.o34o~-oi 

3.7094~ 02 -7.ooii~-oi -7.ia5o~-oi 
7.2975~ 02 -3.6761~-02 -3.8931~-02 
7.0134~ 02 -6.9666~-02 -7.0822~-02 

4.0176~ 02 -7.2833~-01 -7.5729~-01 

5.5804~ 02 -2,7a96~-01 -2.673a~-oi 

7.4648~ 02 -a .0280~-02 -8 . 1695~02 
6.9281~ 02 - i . g m ~ - o i  -1.9392~-01 

4.8390~ 02 -7.3516~-01 -7.5475~-01 

5.1261E 02 -1.8740E-01 -1.7829E-01 

6.4385E 02 -1.3026E-01 -1.2740E-01 
5.3407E 02 -2.3761E-01 -2.2293E-01 

702164E 02 -7.2612E-02 -7.4042E-02 
6.6170E 02 -1.5638E-01 -1.5376E-01 

4.3363E 02 -7.3364E-01 -7.5935E-01 

5.9901E 02 -3.3356E-01 -302718E-01 

7.7831E 02 -9.7854E-02 -9.9726E-02 
7.4392E 02 -2.4377E-01 -2.4520E-01 
6.6547E 02 -4.0393E-01 -4.0039E-01 
5.588 7~ 02 -7 . 58 58 E-o 1 -7 . 7 18 ~ E - O I  
8 . 1 ~ 6 ~  02 - ~ . o ~ ~ o E - o I  -i.o252~-01 

106.9 

115.0 
107.3 
102.4 
125.0 
156.4 

282.0 
108.5 
116.6 
117.3 
233.0 
96.3 
113.3 
102.3 
95.4 
54.6 
107.0 
109.3 
99.2 
76.9 
104 . 9 
111.5 
102.4 
95.2 
101.5 
109.4 
104.7 
99.4 
95.1 
102.6 
105.9 
101.7 

93.8 
104.0 
102.0 
98.3 
95.8 
103 . 5 
101.8 
99.1 
98.1 
102.7 
101.9 
100.6 
99.1 
101.8 
101-4 

108.4 

-114.2 

97.8 
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Table 5.3.2 continued 

117 
118 
119 
120 
121 
122 
123 
124 
125 
126 
127 
128 
129 
130 
131 

8.0828E 02 
7.5057E 02 
6.5019E 02 
8.5084E 02 
8.8459E 02 
8.6715E 02 
7.6924E 02 
8.7609E 02 
9.4734E 02 
1.0189E 03 
9.7359E 02 
8.9835E 02 
9.6573E 02 
1.1268E 03 
1.3703E 03 

8.0802E 02 -2.6544E-01 -2-7164E-01 
7.5008E 02 -4-9053E-01 -4-9405E-01 
6.4938E 02 -8.1125E-01 -8.1443E-01 
8.5074E 02 -9.6889E-02 -9.7769E-02 
8.8437E 02 -2.1814E-01 -2.2146E-01 
8.6662E 02 -5.2329E-01 -5.6106E-01 
7.6827E 02 -9.6725E-01 -9.4236E-01 
8.7596E 02 -1.3263E-01 -1.3443E-01 
9.4715E 02 -1.8844E-01 -1.9434E-01 
1-0184E 03 -4.5285E-01 -4-0735E-01 
9.7208E 02 -1.5169E 00 -1.5908E 00 
8.9813E 02 -2.1448E-01 -2.2030E-01 
9.6546E 02 -2.6382E-01 -2.6761E-01 
1.1265E 03 -2.8979E-01 -2.9140E-01 
1.3692E 03 -1.0865E 00 -1.1314E 00 

102 .3 
100.7 
100 -4 
100.9 
101 -5 
107.2 
97.4 
101.4 
103 . 1 
90.0 
104 . 9 
102 . 7 
101 -4 
100 . 6 
104.1 

Table 5.3.3 SDSA Result  of  F i l l e t  a t  Optimum 
Using Boundary-1 ayer Approach 

E l  t von Mises Stress Actual Predict  Rat io x 100 
# OLD NEW Change Change z 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
Zi 
22 
23 
24 
25 
26 

343.515150 
331.365630 
306 . 9 13410 
270.036600 
221.172710 
162.210080 
98 . 627940 
42 . 960540 
21 . 549280 
365.879780 
359.105100 
345.803600 
326 .438890 
301.382400 
269.915720 
227.437390 
164.299510 
78.587680 
404.295720 
402.361860 
398 . 68 6760 
393.435400 
38 6 . 176640 
374.863840 
354 3 938 60 
318.244380 

343.759790 
331.620230 
307 . 18 6320 
270.332220 
221.487850 
162 -529200 
98 -915280 
43.112780 
21 A46520 
366.077950 
359.306990 
346.012450 
326.657620 
301.615570 
270.174200 
227.742300 
164 . 666 18 0 
78.928070 
404.434830 
402.501110 
398.827400 
39 3 . 58 1 770 
386.339650 
375.065260 
354.669560 
318 -634050 

0 . 244640 
0.254610 
0 . 2729 10 
0 . 295620 
0 . 3 15 140 
0 -319120 
0.287340 
0.152240 

0 . 198 1 70 
0.201890 
0.208850 
0 -218 730 
0 . 233160 
0.258480 
0.304910 
0.366670 
0 . 340390 
0 . 1391 10 
0.139250 

0.146370 
0.163010 
0 . 201420 
0.2 7 5700 
0 . 389670 

-0.002770 

u. i4u64u 

0.249350 
0 . 259470 
0 . 278020 
0 . 300980 
0.320500 
0 . 323950 
0.2908 10 
0 . 155200 
0 . 2019 70 
0.205760 
0 . 2 1 28 50 
0.222980 
0.237910 
0 . 264300 
0.312660 
0 . 3 77030 
0 . 351670 
0 . 1418 10 
0.141980 

0.149540 
0 . 166930 
0 . 2068 70 
0.283830 
0 . 402050 

-0 0068 00 

u.i4349u 

101 -925 - 
101.909 
101.8 73 
101.811 
101.701 
101.512 
101 -207 
101.939 
245.578 
101.917 
101 -914 
101.916 
101 -942 
102.035 
102.251 
102.544 
102.824 
103.314 
101.939 
101.962 
102.027 
102 . 166 
102 -408 - 
102 704 
102.946 
103 . 176 
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Table 5.3.3 continued 

27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 

256.144300 
452.904690 
454.408350 
457.419190 
461.777350 
466 -859250 
471.265430 
473.093340 
471.503560 
465.888710 
506.225050 
509.765180 
516.721540 
52 6.794860 
539.469850 
554.172150 
570 . 9 15 180 
591.604000 
622.427670 
559.408820 
563.885600 
572.649250 
58 5 . 330040 
601.440030 
620.580020 
642.8 34100 
669.263090 
701.945860 
608.457200 
61 3 . 112980 
622.189280 
635.234310 
651.632940 
670.702630 
691 -803840 
.714.217760 
736.392640 
650.321730 
654.710070 
663.212230 
675.286500 
690 . 141 100 
706.753380 
723 -859730 
739.843430 
752.562560 
68 2 . 495070 
686.532000 
694.288720 
705.127740 

256.680720 
452.9 77100 
454.479450 
457.489390 
461.8 508 30 
466.946230 
471.384150 
473.270510 
471.771280 
466 . 3238 30 
506.227230 
509.765440 
5!5.7?9500 
526.792570 
539.473210 
554 . 190 150 
570.957270 
591.676100 
622.530500 
559.34 1290 
563.815700 
572.575480 
585.252340 
601.359670 
620.498 050 
642.747990 
669 . 160350 
701.790010 
608.324520 
612.9 77550 
622.048790 
635.087030 
651.477310 
670.536010 
691.620160 
714.004550 
736.129220 
650.132320 
654 . 5 17720 
663.014190 
67 5.08 028 0 
689.924220 
706.522820 
723.611150 
739.5 709 10 
752.260250 
68 2.2 6 12 20 
686.295 130 
694.045960 
704.8 76460 

0.536420 
0.072410 
0.071100 
0.070200 
0.073480 
0.086980 
0 . 118 720 
0 . 1771 70 
0.267720 
0.435 120 
0.002190 
0.000260 
-0.002140 
-0 . 002290 
0.003360 
0 . 0 18010 
0 . 042090 

. 0.072100 
0.1028 30 
-0.067530 
-0.069900 
-0.073770 
-0,077690 
-0.080360 
-0 08 19 70 
-0 . 086120 
-0.102740 
-0.155850 
-0 . 132680 
-0 135420 
-0 140480 
-0.147280 
-0 15 5630 
-0 166620 
-0 . 18 3680 
-0 2 13220 
-0.263410 
-0.189410 
-0.192350 
-0.198040 
-0.206220 
-0 2 16880 
-0.230560 
-0.248 580 
-0.272520 
-0.302310 
-0 233850 
-0.2368 70 
-0.242770 
-0.251270 

0.554200 

0 . 0 7258 0 
0.0 7 1780 
0.075330 
0.089410 
0.122190 
0.182190 
0.274520 
0.443880 
0 . 002340 
0 . 000410 
-0.001950 
-0.002000 
0.003860 
0,018 780 
0.042940 
0.072250 
0.101220 
-0 -068710 
-0 . 071 110 
-0.075020 
-0.079010 

* -0.081800 
-0 08 37 20 
-0.088620 
-0,106930 
-0 162940 
-0 135130 
-0.137920 
-0.143080 
-0.150050 
-0.158 700 
-0.170220 
-0 . 188230 
-0.219390 
-0 2718 70 
-0.192960 
-0.195960 
-0 20 1 780 
-0 2101 70 
-0 . 221 150 
-0 235310 
-0 . 254050 
-0.279000 
-0.3 10 140 
-0 . 238260 
-0.241350 
-0.247370 
-0.256070 

-0,073870 
103.315 
102.021 
102.089 
102 249 
102.509 
102.791 
102.921 
102.8 30 
102.540 
102.013 
106 . 746 
156.414 
91.615 
87.519 
114.795 
104.277 
102.031 
100.205 
98.436 
101.752 
101.731 
101 . 702 
101 -699 
101.793 
102 . 129 
102.909 
104.079 
104.549 
101.843 
101.842 
101.8 50 
101 -884 
101.974 
102.164 
102.480 
102.897 
103.211 
10 1.8 74 
101.878 

101.915 
101.968 
102.061 
102.200 
102.379 
102.592 
101.888 
101.891 
101.897 
101.910 

ioi.8a9 



Table 5.3.3 continued 

77 
78 
79 
80  
81 
82  
83 
8 4  
85  
86 
87  
88 
89  
90 
91 
92 
93 
94 
95 
96 
97 
98 
99 

100 
101 
102 
103 
104 
105 
106 
107 
108 
109 
110 
111 
112 
113 
114 
115 
116 
117 
118 
119 
120 
121 
122 
123 
124 
125 
126 

718 . 08 78 20 
73 1 -88 3720 
744.921540 
755.367940 
761.453530 
76 2 . 98 78 60 
761.773040 
760.750730 
763.253410 
771.074040 
784.18 7360 
801 . 45 1600 
821.634780 
843.730560 
866.750610 
889 . 660680 
911.475610 
704.002700 
707.777850 
714.968430 
724 .8 46570 
736.307470 
747 -88 1730 
757.816200 
764.325150 
766.158 120 
764 -321050 
761.366190 

760.250330 
766 -038310 
777.160470 
793.209310 
813.247370 
836.104070 
860.462270 
884.951730 
908 -281540 
714.907240 
718 -519090 
725.360080 
734.654630 
745.226640 
755.527060 
763.763410 

768.063010 

761.117220 

759 . 2408 40 

768 . 245210 

764 .a 05230 

758 -479670 

717.825720 
731 -608 770 

755.063720 
761.136160 
762.661590 
761.443910 
760.415650 
762 . 904820 
770.708980 
78 3 .8 1 3 7 60 
801 . 086990 

843 . 424830 
866 . 464700 

911.142480 
703 . 738690 

714.695480 
724.565230 
736.015910 
747 . 5 79130 
757.503320 
764.004960 
765 -835860 
764 . 001380 
761.050760 
758 -927600 
759.935090 

776.839960 
792.896270 
812.950540 
835 -825010 
860.189770 

907.952220 
714.627790 

744 . 6 32 iao 

a21.296600 

88 9 . 3658 30 

707 . 5 ioaoo 

765 . 71a820 

8a 4 . 662 700 

7ia.236620 
725.0717ao 
734 . 358 18 0 
7 44 . 9 2058 0 
755.211340 
763.440070 

767.740160 
764.490030 

767 . 9188 50 

760 .a 09840 
758 178 530 

-0.262100 
-0.274950 
-0.289360 
-0 304220 
-0.317370 
-0 326270 
-0 329130 
-0 335070 
-0 -348590 
-0 365060 
-0 . 373600 
-0.364610 
-0,338 180 
-0.305730 
-0 28 59 10 
-0.294850 
-0 333140 
-0.264010 
-0 . 26 7050 
-0.272960 
-0.281340 
-0 . 291560 
-0 302600 
-0 312880 
-0 .320200 
-0 . 322250 
-0.319670 
-0.315420 
-0 3 13240 
-0 -315240 
-0 -319490 
-0 -320510 
-0.313040 
-0.296830 
-0 -279060 
-0 272500 
-0.289020 
-0 -329320 
-0.279450 
-0.282470 
-0 . 288 300 
-0 296450 
-0 .306060 
-0 -315720 
-0.323340 
-0 . 326360 
-0.322850 
-0.315200 
-0.307380 
-0 . 301 130 

-0 267160 

-0 -295090 
-0 .310220 
-0.323590 
-0 -332910 
-0.339210 
-0 . 336570 
-0 -347780 
-0 . 362460 
-0 -369660 
-0 359600 

-0.301600 
-0 -286940 

-0 -338690 
-0 269010 
-0 2721 10 
-0 . 278 130 
-0.286670 
-0 . 297070 
-0.308260 
-0 -318580 
-0.325690 
-0.327070 
-0 . 324240 
-0.317380 
-0 3 13570 
-0 -314750 
-0 -31 7670 
-0.317480 
-0.309260 
-0 -2931 10 
-0 . 277 18 0 
-0.272320 
-0 . 28 7880 
-0.332380 
-0 -284750 

-0.293760 
-0 302050 
-0 3 11 780 
-0.321480 
-0.328960 
-0 331530 
-0 -3271 50 

-0.308010 
-0 300330 

-0 . 280330 

-0 . 3 32 7a o 

-0 . 2928 70 

-0 . 2a 78 30 

-0 . 3 1 7  780 

101.929 
101 -954 
101 -978 
101.973 
101.961 
102 -033 
103.062 
100 . 447 
99 . 767 
99.286 
98 -945 
98 -626 
98 -402 

100.358 
99 -326 

98.649 

io1 -668 
io1  .a94 
101 -895 
101 -896 
101 -897 
101 -891 
101 .8 71 
101.821 
101.715 
101.494 
101 -431 
100.621 
100 . 105 
99 -846 
99 . 432 
99.053 
9a . 794 
9a . 747 
99.325 
,99 -933 
99.603 

100.928 
101.896 

101.894 

101 -868 

101 -739 

101 -331 

100 -207 
99 . 733 

i o 1  .a96 

ioi.a87 

i o ~ a 2 6  

i o i s a 4  

100.a20 
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Table 5.3.3 continued 

127 758.838460 758.540390 
128 763.740840 763.443610 
129 773.947240 773.651930 
130 789.369070 789.080260 
131 809.251090 808.973650 
132 832.402380 832.135890 
133 857.371130 857.105060 
134 882.614320 882.328310 
135 906.689340 906.361980 
1 36 10 1 3 . 2 78 68 0 10 14 . 9 2 3 58 0 
137 1004.323000 1005 . 198280 
138 999.636320 1000.178890 
139 99?,563100 997.870500 
140 997.209990 997.371580 
141 997.881110 997.948000 
142 998.982410 998.997890 

144 1021.965700 1022.113240 
145 1010.780050 1011.263380 

' 146 1004.718880 1005.087850 
147 1001.498580 1001 .751690 
148 1000.000720 1000 . 151510 
149 999.580790 999.655860 
150 999.793130 999.816480 
151 1000.284420 1000.284670 
152 1014.099910 1013.683260 
153 1009.583790 1009.522430 
154 1005.272870 1005.360420 
155 1002.58 7160 1002.691860 
156 1001.089330 1001.164870 
157 1000.423260 1000.459330 
158 1000.355560 1000.355900 
159 1000.763810 1000.747890 
160 1000.456210 999.926520 
161 1001.950360 1001.601710 
162 1001.654790 1001.495220 
163 1000.990600 1000.929600 
164 1000.515760 1000.489140 
165 1000.322900 1000.297650 
166 1000.464470 1000.427370 
167 1001.099050 1001.056010 
168 984.528990 984.019440 
169 991.255930 990.806790 
170 995.198590 994.886050 
171 997.363250 997.167690 
172 998.606270 998.482020 
173 999.424060 999.334300 
174 1000.161070 1000.082750 
175 1001 -223180 1001.147460 
176 968.237360 967.767890 

143 999.878280 999.878750 

-0.298070 
-0.297230 
-0-295310 

-0.277450 
-0 266480 
-0.266070 
-0.286010 
-0.327360 

-0.2888 1 o 

1.644910 
0.875270 
0 . 542570 
0.307490 
0.161590 
0.066890 
0.015480 
0.000470 
0 . 147530 
0 -483330 
0 . 368960 
0.253120 
0.150800 
0.075070 
0.023350 
0.000250 

-0 4 16660 
-0.061370 
0.087550 
0.104710 
0 . 0 75540 
0.036070 
0 . 000350 
'-0 0 1 5 9 10 
-0 5 29680 
-0 348650 
-0.159570 
-0.061000 
-0.026620 
-0.025250 
-0.037100 
-0.043040 
-0 509550 
-0.449150 
-0.312540 
-0.195560 
-0 124250 
-0 08 9 7 60 

-0 0 757 20 
-0 469460 

-0.07a310 

-0 . 296 78 0 
-0 -295380 
-0.292700 
-0 28 57 20 
-0.274580 
-0 264060 
-0 -262490 
-0 -287600 
-0.332630 
1 . 593660 
0.868310 
0.534450 
9.303890 
0.159370 
0.065900 
0.015170 
0 . 000450 
0 . 186090 
0 . 478 090 
0 . 367260 
0.250810 
0.149390 
0.074290 
0.023100 
0.000290 

-0.392020 
-0.050710 
0.090560 
0.105 170 
0 . 075400 
0.035940 
0 . 000440 

-0.015640 
-0.522360 
-0 338680 
-0 154260 
-0.058630 
-0.025580 
-0.024700 
-0.036600 
-0 . 042460 
-0.512750 
-0 445370 
-0 308 320 
-0 . 1 928 10 
-0 122630 
-0.088730 
-0 077480 
-0 0748 30 
-0.476790 

99.567 
99 . 376 
99.118 

98.967 
99.089 
98 . 654 

100 . 557 
101.610 
96.885 
99.204 
98 . 503 
98 .8 29 
98 -627 
98.529 
97.989 
95.410 

126.135 
98.915 
99.540 
99 -089 
99.065 
98 -956 
98 -921 

116.101 
94.086 
82.635 

103 . 441 
100 0448 
99.816 
99 . 630 

126.961 
98 -285 
98.617 
97 . 141 
96 . 672 
96.121 
96 . 104 
97 . 797 
98.651 
98 -651 

100.628 
99.158 

98 -591 
98 -697 

98 . 933 
98 -827 

101 -560 

98 . 928 

9a . 650 

98 .a 50 
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Table 5.3.3 continued 

177 979.578960 979.111430 
178 987.451840 987.064650 
179 992.591370 992.305980 
180 995.866540 995.665120 
181 997.999370 997.853520 
182 999.570680 999.454200 
183 1001.155870 1001.047060 
184 953.128980 952.696500 
185 968.370520 967.913930 
186 979.664360 979.248030 

188 992.848460 992.593390 

190 998 -848230 998 . 700420 
191 1000.963460 1000.825260 
192 940.358340 939.955160 
193 958.700440 958 -261240 
194 972.790960 972.367050 
195 983.002360 982.637060 
196 990.060400 989 . 771450 
197 994.8 30180 994.611660 

199 1000.730790 1000.569780 
200 933.468600 933.080180 
201 953.382750 952.954720 
202 968 -943900 968 -520520 
203 980.407470 980.032160 
204 988.445780 988.141910 
205 993.929110 993.696320 
206 997.732370 997.549890 
207 1000.579630 1000.406380 
208 931.182510 930.798600 
209 951.548570 951.125060 
210 967.561780 967.140080 
211 979.437940 979.060460 
212 987.820890 987.512410 
213 993.570910 993.333040 
214 997.564110 997.376960 
215 1000.513710 1000.335160 
216 930.038190 929.656520 
217 950.625630 950.204400 
218 966.864160 966.443410 
219 978.946810 978.568400 
220 987,503200 987;192530 
221 993.388220 993.147880 
222 997.477900 997.288430 
223 1000.479200 1000.297980 
224 759.841920 759.512380 
225 754.260510 753.934110 
226 740 -940650 740.657280 

18 7 98 7 5 55 720 98 7 2 1 7990 

189 996.366410 996,177590 

198 998.148610 997.977850 

-0.467530 
-0.387190 
-0.285390 
-0 . 201430 
-0.145850 
-0.116480 
-0,1088 10 
-0.432470 
-0.456590 
-0.416330 
-0.337720 
-0.255070 
-0.1888 30 
-0 147810 
-0.138190 
-0.403190 
-0 -439190 
-0 423910 
-0 365300 
-0 288950 
-0 2 18 520 
-0 170770 
-0 161010 
-0 388420 
-0.428030 
-0.423370 
-0 -375310 
-0 . 3038 70 
-0.232790 
-0. 182480 
-0 . 173250 
-0.383920 
-0 . 4235 10 
-0 . 421700 
-0.377470 
-0 308490 
-0.237870 
-0 18 7150 
-0 . 178550 
-0.381670 
-0.421230 
-0.420760 
-0 . 3 78 420 
-0.310680 
-0 . 240340 
-0.189470 
-0 . 18 1220 
-0 . 329530 
-0 -326410 
-0 . 28 3370 

-0.468800 
-0 . 38 5560 
-0 . 28 3410 
-0.199840 
-0 . 144640 
-0.115430 
-0.107660 
-0.441610 
-0.460740 
-0 417020 
-0.336920 
-0 253900 
-0 18 7680 
-0.146680 
-0 1 368 60 
-0.411480 
-0.444160 
-0.426030 
-0.365520 
-0 288 290 
-0 -2 17540 
-0 . 169630 
-0.159560 
-0 . 393820 
-0.432930 
-0 -425940 
-0 3 76070 
-0 -303540 
-0 -2 31940 
-0 . 18 1350 
-0 . 1 71 750 
-0 . 388880 
-0 -427970 
-0.424370 
-0 . 3 78 410 
-0 308 28 0 
-0 . 2 3 708 0 
-0 . 186040 
-0.177020 
-0.386010 
-0.425410 
-0.423460 
-0.379430 
-0,31n54n 
-0.239590 
-0.188370 
-0 179690 
-0.336660 
-0.3 38 310 
-0.295250 

100 -272 
99 . 579 
99.307 
99.213 
99.171 
99 . 103 
98.948 
102.113 
100 -909 
100.166 
99 . 762 
99 -542 
99 . 391 
99.234 
99.037 
102 -058 
101.131 
100.501 
100 -062 
99 774 
99 -552 
99 -332 
99 . 101 
101 . 392 
101 -143 
100 . 606 
100 -201 
99 -889 
99.637 
99.385 
99.134 
101.293 
101 -053 
100 . 633 
100.247 
99.934 
99 . 671 
99 -406 
99.148 
101 -137 
100 -992 
100.642 
100.268 
99.956 
99.687 
99.416 
99.154 
102.162 
103 -647 
104.194 
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Table 5.3.3 continued 

227 694.688710 694.643440 
228 557.871840 558.317460 
229 323.106040 323.844010 
230 92.890180 93.345520 
231 35.083260 34.964610 
232 761.895870 761.551660 
233 762.375990 762.015220 
234 762.652080 762.278250 
235 762.306930 761.912570 
236 757.034320 756.683330 
237 696.431200 696.281610 
238 500.720130 500.665760 
239 233.601980 233.426030 
240 762.881480 762.521780 
241 765.f35980 765.353150 
242 770.401620 769.989980 
243 778.193890 777.749140 
244 788.507600 788.038590 
245 807.003600 806.468450 
246 872.904840 872.181390 
247 987.671500 986.529380 
248 767.955940 767.568650 
249 774 . 698 740 774.271920 
250 785.240870 784.765130 
251 801.969970 801.434680 
252 829.725720 829.113380 
253 881.292260 880.573870 
254 989 SO7140 988 -646230 
255 1216.525880 1215.613140 
256 779.379520 778.958330 
257 791.601060 791.120970 
258 810.180950 809.627600 
259 838.792160 838.150600 
260 883.742670 883.001060 
261 954.827320 953.992270 
262 1060.707650 1059.838640 
263 1220.226630 1219.475200 
264 796.041940 795.601510 
265 813,260850 812.750280 
266 838 0303250 837.706230 
267 874.597690 873.900840 
268 926.793410 925.993820 
269 1000,394070 999.514730 
270 1099.525730 1098.639570 
271 1202.637680 1201.890120 
272 815.514450 815.085030 
273 835.722730 835.225440 
274 863.580330 862.998520 
275 901.439310 900.756880 
276 952.070080 951.275900 

-0.045270 
0.445620 
0.737970 
0 . 455340 

-0.118650 
-0.344210 
-0.360760 
-0.373840 
-0.394360 
-0.350980 
-0.149590 
-0.054370 
-3.175950 
-0 359700 
-0.3828 30 
-0.41 1640 
-0.444750 
-0.469010 
-0.535140 
-0.723450 
-1 . 142120 
-0 38 7290 
-0,426820 
-0,475740 
-0,535290 
-0.612340 
-0 718 380 
-0.860910 
-0 . 912740 
-0.421 190 
-0.480090 
-0 -553350 
-0.641550 
-0.741610 
-0 .8 35050 
-0.869010 
-0.751430 
-0 440430 
-0.510570 
-0 . 597020 
-0 -696850 
-0 . 799590 
-0 -8 79330 
-0 -886160 
-0 . 747560 
-0.429430 
-0 -497290 
-0 . 58 18 10 
-0.682430 
-0.794190 

-0 .052910 
-0.450770 
0 . 7 67140 
0.491140 

-0 131240 
-0.375990 
-0 . 404030 
-0.419210 
-0 -437160 
-0 . 359520 

0.0168 50 
0.453240 
0.363650 

-0.356070 
-0.386530 
-0 0424950 
-0 458 3 70 
-0.469050 
-0.494580 
-0 564050 
-0.543410 
-0.385440 
-0 428560 
-0.483080 
-0.543090 
-0.6 121 30 
-0.694880 
-0.777290 
-0.779690 
-0 . 4 16180 
-0.479830 
-0 556450 
-0.645610 
-0.741950 
-0.825250 
-0 -8493 10 
-0 72158 0 
-0.430750 
-0.505480 
-0 595570 
-0.697940 
-0.802190 
-0 -882920 
-0.890210 
-0.752620 
-0.413620 
-0 48 5 550 
-0.573400 
-0.677090 
-0.792410 

116.891 
101.155 
103.953 
107 -861 
110.608 
109.234 
111 -993 
112 . 137 
110.854 
102.431 

-833.600 

98.990 
100 . 968 
103.233 
103.061 
100.008 
92.420 
77.967 
47.579 
99 3 2 1  

100 . 409 
101.544 
101.456 
99 -966 
96.728 
90.288 
85.424 
98 -809 
99.945 

100 . 559 
100 . 633 
100.046 
98.8 27 
97.732 
96.028 
97.802 
99.003 
99 . 756 

100.155 
100.326 
100 -408 
100 . 457 
100.678 
96.320 
97.640 
98 . 554 
99.218 
99.776 

-11 0267 

-206 . 675 
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Table 5.3.3 continued 

277 1018.494780 1017.592640 
278 1104.810060 1103.841610 
279 1225.766450 1224.842630 
280 836.460250 836.071020 
281 857.940800 857.498170 
282 886.302390 885.790180 
283 922.898340 922.293810 
284 969.207970 968.477290 
285 1027.268100 1026.367740 
286 1101.912410 1100.812380 
28 7 120 7 . 434550 1206.2 17500 
288 858.150750 857.814180 
289 879.726950 879.360860 
290 907.427240 907.021290 
291 941.978300 941.509950 
292 984.005950 983.422970 
293 1033.881040 1033.073520 
294 1090.767920 1089.547990 
295 1148.262330 1146.525160 
296 8 79.88 5460 8 79.58 7020 
297 900.454860 900.151280 
298 926.306420 926.000130 
299 957.546570 957.233790 
300 993.896210 993.548950 
301 1034.148610 1033.659880 
302 1073.136050 1072.085030 
303 1093.408670 1090 . 747020 
304 900.886600 900.583950 
305 919.335760 919.032140 
306 941.992830 941.695020 
307 968.233580 967.950600 
308 996.717560 996.459570 
309 1024.849030 1024.598270 
310 1049.963070 1049.604250 
311 1078.494590 1076.451580 
312 920.594620 920.248050 
313 936.385420 936,015730 
314 955.396730 954.998920 
315 976.519280 976.087770 
316 997.982090 997.509290 
317 1017.347190 1016.825410 
318 1032.722000 1032.360310 
319 1039.737220 1041.679120 

-0 . 902140 
-0.968450 
-0 -923820 
-0 389230 
-0 . 442630 
-0.512210 
-0.604530 
-0 . 730680 
-0 900350 
-1 100030 
-1.217060 
-0 336560 
-0 -366090 
-0.405950 
-0 468 360 
-0 582980 
-0 .807520 
-1 .219930 
-1.737170 
-0,298440 
-0 . 303580 
-0 . 306290 
-0.312780 
-0 347260 
-0 . 488 730 
-1.051020 
-2 661650 
-0 . 302660 
-0.303620 
-0.297810 
-0.282970 
-0 257990 
-0.250770 
-0 . 3588 30 
-2 043010 
-0 346570 
-0 . 369690 
-0 39 78 10 
-0 . 431 520 
-0 472800 
-0 5 2 1 78 0 
-0.361690 
1.941900 

-0 905230 
-0 . 977660 
-0 939 110 
-0.366470 
-0.422810 
-0.494530 
-0.588460 
-0.716370 
-0 -890570 
-1.099870 
-1.217250 
-0.306640 
-0 -338200 
-0.379260 
-0.439790 
-0 . 5498 10 
-0.771330 
-1.184320 
-1.747450 
-0 2628 70 
-0 . 270920 
-0.274600 
-0.277360 
-0.302140 
-0.420560 
-0 . 946 190 
-2.674830 
-0 0276550 
-0.282730 
-0.282320 
-0.270960 
-0.249150 
-0.240040 
-0 -335310 
-1.607990 
-0.356840 
-0 -379200 
-0 . 406560 
-0 442390 
-0 . 4841 30 
-0.523120 
-0 . 320900 
1.912430 

100.342 
100 . 951 
101.654 
94.152 
95.524 
96.549 
97.341 
98 -041 
98 -913 
99.986 
100.016 
91.108 
92.382 
93.425 
93.901 
94.310 
95.518 
97.081 
100 . 592 
88.081 
89 -241 
89.652 
88 . 674 
87.008 
86.050 
90.026 
100.495 
91 -376 
93.120 
94 . 799 
95.754 
96.573 
95.724 
93 . 447 
78 . 707 
102 -963 
102.572 
102 0202 
102.521 
102.397 
100.256 
88.722 
98 -482 
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Table 5.3.4 SDSA Result o f  F i l l e t  a t  Optimum 
Using Boundary Approach 

Elt  von Mises Stress  Actual Predict Ratio x 100 
# OLD New Change Change x 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 

7.1348E 02 
6.5911E 02 
5.5968E 02 
4.4105E 02 
3.4984E 02 
7.2892E 02 
6.7769E 02 
5.7717E 02 
4.4401E 02 
3.1938E 02 
7.5125E 02 
7.0910E 02 
6.0921E 02 
4.4736E 02 
2.6003E 02 
7.6520E 02 
7.4161E 02 
6.5226E 02 
4.4626E 02 
1.6907E 02 
7.6311E 02 
7.5938E 02 
7.5982E 02 
7.5764E 02 
6.9135E 02 
3.4246E 02 
5.22136 01  
7.5894E 02 
7.6659E 02 
7.6518E 02 
7.8331E 02 
7.7792E 02 
8.1051E 02 
7.9624E 02 
8.4214E 02 
8.1900E 02 
8.7360E 02 
8.4465E 02 
9.0267E 02 
8.7158E 02 
9.2816E 02 
8.9817E 02 
9.4990E 02 
9.2283E 02 
9.6752E 02 
9.4412E 02 

7.1331E 02 -1e6878E-01 -1.4733E-01 
6.5899E 02 -1.2209E-01 -1.0575E-01 
505964E 02 -3.9794E-02 -303762E-02 
4-4111E 02 5.5723E-02 4.8161E-02 
3.4997E 02 1 o3963E-01 1 1888E-01 
7.28 74E 02 -1 7547E-01 -1.5506E-01 
6.7756E 02 -1.2937E-01 -1.1275E-01 
5.7713E 02 -4.3532E-02 -3.6705E-02 
4.4407E 02 5.5628E-02 4.9339E-02 
3.1953E 02 1.5139E-01 1.2898E-01 
7.5107E 02 -1.8421E-01 -1.6772E-01 
700895E 02 -1.4457E-01 -1.2734E-01 
6.0916E 02 -4.5148E-02 -3.6188E-02 
404744E 02 7.7085E-02 607049E-02 
2.6020E 02 1.6836E-01 1.4359E-01 
7.6501E 02 -1 .8310E-01 -1 07672E-01 
704144E 02 -1 o6393E-01 -1 04695E-01 
6.5219E 02 -7.2275E-02 -5,5553E-02 
4.4641E 02 1.5784E-01 1.4958E-01 
1.6925E 02 1.8455E-01 1 o4864E-01 
706295E 02 -1.6060E-01 -1.6507E-01 
7.5923E 02 -1.4921E-01 -1.5729E-01 
705965E 02 -107762E-01 -1.8667E-01 
7.5741E 02 -2.2665E-01 -201449E-01 
6.9132E 02 -3.2621E-02 2.5778E-02 
3.4281E 02 3.4492E-01 3.0472E-01 
5.2303E 01 900667E-02 9.9984E-02 
7.5879E 02 -1.5128E-01 -1.5552E-01 
7.6640E 02 -1.8394E-01 -1.9222E-01 
7.6502E 02 -1.6579E-01 -1.6206E-01 
7.8308E 02 -2.3080E-01 -2.2156E-01 
7.7773E 02 -1.8635E-01 -1.7301E-01 
8.1021E 02 -3.0049E-01 -2.7236E-01 
7.9604E 02 -2.0412E-01 -1.8338E-01 
8.4180E 02 -3.4741E-01 -3.1397E-01 
8.1879E 02 -2.1213E-01 -1.8811E-01 
8.7324E 02 -3.5742E-01 -302975E-01 
8.4444E 02 -2.0855E-01 -1.8513E-01 
9.0233E 02 -3.3462E-01 -3.1638E-01 
8.7138E 02 -109771E-01 -1.7744E-01 
9.2788E 02 -2.8423E-01 -2.7394E-01 
8 09798E 02 -1 08845E-01 -1 7234E-01 
9.4968E 02 -201904E-01 -2.1483E-01 
9.2264E 02 -108939E-01 -1.7709E-01 
9.6734E 02 -108070E-01 -1.7945E-01 
9.4391E 02 -2.0135E-01 -1.9196E-01 

87.3 
86.6 
84.8 
86.4 
85.1 
88.4 
87.2 
84.3 
87.1 
85.2 
91.0 
88.1 
80.2 
87.0 
85.3 
96.5 
89.6 
76.9 
94.8 
80.5 

102.8 
105 .4 
105 . 1 
94.6 

88.3 
110.3 
102.8 
104.5 
97.7 
96.0 
92.8 
90.6 
89.8 
90.4 
88.7 
92.3 
88.8 
94.5 
89.7 
96.4 
91.4 
98.1 
93.5 
99.3 
95.3 

-79.0 
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Table 5.3.4 continued 

47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
7 1  
72 
73 
74 
75 
76 
77 
78 
79 
80 
8 1  
82 
83 
84 
85 
86 
87 
88 
89 
90 
yi 
92 
93 
94 
95 
96 

9.8004E 02 
9.5984E 02 
9.9143E 02 
1.0086E 03 
1.0114E 03 
1.0118E 03 
1.0101E 03 
9.7460E 02 
9.7653E 02 
9.8548E 02 
9.9850E 02 
1.0047E 03 
1.0016E 03 
9.8890E 02 
9,9139E 02 
9.9545E 02 
9.9958E 02 
1.0013E 03 
9.9853E 02 
9.9880E 02 
9.9930E 02 
1.0001E 03 
1.0006E 03 
1.0004E 03 
9.9936E 02 
7.6621E 02 
7.5626E 02 
4.0619E 02 
5.6629E 01 
7.7654E 02 
7.8064E 02 
7.93416 02 
8.2903E 02 
5.0835E 02 
8.0069E 02 
7.9665E 02 
8.2977E 02 
8.6576E 02 
1.2008E 03 
8.3184E 02 
8.7361E 02 
9.7568E 02 
1.2003E 03 
8.5908E 02 

1.0242E 03 
1.0546E 03 
8.6134E 02 
8.9480E 02 
9.4550E 02 

9.i6zzE oz 

9.7984E 02 -2.0352E-01 -2.0099E-01 

9.9120E 02 -2.2750E-01 -2.2442E-01 
1.0084E 03 -2.0521E-01 -2.0524E-01 
1.0113E 03 -6,9032E-02 -7.4673E-02 
1.0120E 03 1 .7063E-01 1.4186E-01 

9.7440E 02 -2.0375E-01 -1.9877E-01 
9.7632E 02 -2.0924E-01 -2.0465E-01 
9.8527E 02 -2.1007E-01 -2.0703E-01 
9.9834E 02 -1.6589E-01 -1.6631E-01 
1-0046E 03 -3.8143E-02 -4.1313E-02 
1.0020E 03 4.3657E-01 4.3558E-01 
9.8874E 02 -1.5872E-01 -1.5670E-01 
9,9124E 02 -1.5139E-01 -1.5002E-01 
9.9532E 02 -1.2651E-01 -1.2644E-01 
9.9951E 02 -6-5606E-02 -6-7161E-02 
1.0014E 03 4.5266E-02 4.2634E-02 
9.9867E 02 1.4035E-01 1.4507E-01 
9-9869E 02 -1 -0675E-01 -100717E-01 
9.9921E 02 -9.5022E-02 -9.5581E-02 
1.0000E 03 -7.1633E-02 -7.2355E-02 
1.0006E 03 -3.6898E-02 -3.7660E-02 
1.0004E 03 -1-0972E-03 -1.1074E-03 
9.9937E 02 1.3883E-02 1.3537E-02 
7.6597E 02 -2.3827E-01 -2.4628E-01 
7.5598E 02 -2.8732E-01 -2.2988E-01 
4-0695E 02 7.6283E-01 8.2264E-01 
5.6589E 01 -4.0020E-02 -3-66896-02 
7.7632E 02 -2.1809E-01 -2-3139E-01 
7.8038E 02 -2.5953E-01 -2.6923E-01 
7.9294E 02 -4.6884E-01 -5-4161E-01 
8.2852E 02 -5.1069E-01 -4.7843E-01 
500887E 02 5.2571E-01 1-0243E 00 
8.00396 02 -2.9558E-01 -2.8017E-01 
7-9639E 02 -2.6252E-01 -2.5325E-01 
8.2928E 02 -4.8937E-01 -4-5928E-01 
8.6507E 02 -6.8731E-01 -3-9711E-01 
1.1984E 03 -2.4295E 00 -2.9116E 00 
8.3143E 02 -4.0881E-01 -3.60586-01 
8.7301E 02 -5.9955E-01 -4-8429E-01 
9.7462E 02 -1.0613E 00 -8.2982E-01 
1.1988E 03 -1.5543E 00 -1.9347E 00 
8.5858E 02 -4.9900E-01 -4.4503E-01 
9-1549E 02 -7.3539E-01 -6.3187E-01 
1-0229E 03 -1.2795E 00 -1a3476E 00 
1-0547E 03 1.0742E-01 4.8463E-01 
8-6087E 02 -4.6770E-01 -4.1540E-01 
8-9423E 02 -5.6582E-01 -5.0033E-01 
9-4479E 02 -7.0984E-01 -6.4016E-01 

9.5962~ 02 -2.1140~-01 -~ .O~WE-OI  

1.0111E 03 1.0119E 00 1.1085E 00 

98 -8 
96.5 
98.6 

100 . 0 
108 -2 
83.1 

109 -5 
97.6 
97 .8 
98.6 

100.2 
108.3 
99.8 
98.7 
99.1 
99.9 

102.4 
94.2 

103.4 
100 . 4 
100.6 
101.0 
102 1 
100 9 
97.5 

103.4 
80.0 

107 -8 
91 -7 

106.1 
103 . 7 
115.5 
93.7 

194.8 
94.8 
96.5 
93 -9 
57.8 

119.8 
88.2 
80.8 
78.2 

124.5 
89.2 
85.9 

105.3 
451.2 
88.8 
88.4 
90.2 

. 
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. 
J 

97 
98 
99 

100 
101 
102 
103 
104 
105 
106 
107 
108 
109 
110 
111 
112 
113 
114 
115 
116 
117 
118 
119 
120 
121 
122 
123 
124 
125 
126 
127 
128 
129 
130 
131 

1.0351E 03 
1.1139E 03 
8.9720E 02 
9.1816E 02 
9.6707E 02 
1.0533E 03 
1.2005E 03 
9.3432E 02 
9.8997E 02 
1.0773E 03 
1.2000E 03 
9.5435E 02 
1.0144E 03 
1.0964E 03 
1.2001E 03 
9;8241E 02 
1.0357E 03 
1.1060E 03 
1.2000E 03 
9.9968E 02 
1.0437E 03 
1.0990E 03 
1.1668E 03 
1.0090E 03 
1.0401E 03 
1.0775E 03 
1.1314E 03 
1.0144E 03 
1.0362E 03 
1.0549E 03 
1.0582E 03 
1.0129E 03 
1.0242E 03 
1.0303E 03 
1.0278E 03 

5.3.4 Discussion 

1.0342E 03 -9.1180E-01 -8.8138E-01 
1.1136E 03 -2.5416E-01 -4.7332E-01 
8.9669E 02 -5.1128E-01 -4.6699E-01 
9.1758E 02 -5.7527E-01 -5.2682E-01 
9.6640E 02 -6.7384E-01 -6.3559E-01 
1.0526E 03 -7.1123E-01 -6.7148E-01 
1.1997E 03 -7.4768E-01 -1.1593E 00 
9.3376E 02 -5.6393E-01 -5.2885E-01 
9.8930E 02 -6.6820E-01 -6,475OE-01 
1.0765E 03 -7.9243E-01 -8.3829E-01 
1.1995E 03 -5.3825E-01 -601813E-01 
9.5381E 02 -5.3831E-01 -5.2012E-01 
1.0138E 03 -6.3541E-01 -5.3578E-01 
1.0957E 03 -7.2912E-01 -7.7003E-01 
1.1997E 03 -4.5831E-01 -5.5195E-01 
9.8191E 02 -5.0158E-01 -5.0218E-01 
1.0352E 03 -5.9292E-01 -6.1349E-01 
1.1053E 03 -6.6831E-01 -7.1596E-01 
1.1994E 03 -5.2892E-01 -5.7500E-01 
9.9924E 02 -4.3597E-01 -4.4060E-01 
1.0431E 03 -5.4828E-01 -5.6052E-01 
1.0983E 03 -6.7922E-01 -6.9766E-01 
1.1662E 03 -5.7666E-01 -5.9707E-01 
1.0087E 03 -3.0901E-01 -301716E-01 
1.0397E 03 -4.3952E-01 -4.5294E-01 
1.0768E 03 -6.7458E-01 -7.0266E-01 
1.1307E 03 -7.9667E-01 -7.9720E-01 
1.0142E 03 -1.6283E-01 -1.7156E-01 
1.0360E 03 -1.9490E-01 -2.0054E-01 
1.0545E 03 -4.1929E-01 -3.8934E-01 
1.0569E 03 -1.3215E 00 -1.4021E 00 
1.0127E 03 -1.8775E-01 -1.9073E-01 
1.0240E 03 -1.7384E-01 -1.7806E-01 
1.0301E 03 -1.3788E-01 -1 -4788E-01 
1.0276E 03 -2.4327E-01 -2.4824E-01 

96.7 
186.2 
91.3 
91.6 
94.3 
94.4 

155 . 1 
93.8 
96.9 

105.8 
114.8 
96.6 
100 . 1 
105.6 
120.4 
100 . 1 
103.5 
107.1 
108 . 7 
101.1 
102 02 
102.7 
103.5 
102.6 
103 . 1 
104 . 2 
100 . 1 
105.4 
102.9 
92.9 

106 . 1 
101.6 
102.4 
107.3 
102 00 

Shape design s e n s i t i v i t y  analysis i s  performed using t h e  boundary- 

l a y e r  approach and r e s u l t s  obtained are  compared t o  previous SDSA 

r e s u l t s  by the boundary approach [23]. 

used, one-to-one comparison i s  not possible.  

Due t o  differences i n  meshes 

However, one can see 
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general trends by comparing these resu l t s .  Both methods g ive acceptable 

shape design s e n s i t i v i t i e s  fo r  a f i l l e t  w i t h  s t r a i g h t  boundary, but  both 

approaches show poor design s e n s i t i v i t i e s  near p o i n t  A o f  Fig. 5.3.10, 
. 

mainly due t o  i l l - p r o p o r t i o n e d  elements i n  contrast  t o  good i n i t i a l  1 

element shapes (see Figs. 5.3.4 and 5.3.5). For the boundary-layer 

approach, t h i s  may be avoided by a d j u s t i n g  the boundary-layer coordinate 

system and adopting a curved inne r  bounding surface, as shown i n  Fig. 

5.3.10. 

A 

S 

Figure 5.3.10 Boundary-Layer w i t h  Curved Inner Bounding Surface 

This problem a lso shows the r e l i a b i l i t y  o f  t he  v e l o c i t y  element 

approach, which can add genera l i t y  and convenience t o  t h e  boundary-layer 

approach. 

eval uat ing v e l o c i t y  and d e r i  v a t i  ves o f  v e l o c i t y  w i t h i n  the boundary- 

1 ayer. 

Veloc i ty  elements can g r e a t l y  s i m p l i f y  the process of 

I n  the  present work, only guidel ines for  l o c a t i n g  a boundary-layer 

i n  the domain are gi.ven. To make the boundary-layer approach more 
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a t t r a c t i v e ,  t h i s  area must be s tud ied  fur ther ,  since accuracy and 

e f f i c i e n c y  o f  shape design s e n s i t i v i t y  analys is  by the  boundary-layer 

approach depends l a r g e l y  on s i ze  and l o c a t i o n  of the boundary-layer. 

B-splines are used t o  approximate the  boundary. They prove t o  be 

easy t o  manupul a t e  and approximate the  o r i  g i  na l  boundary we1 1 . 
they s t i l l  have the  basic cha rac te r i s t i cs  o f  the  sp l ine  f a m i l y ,  such as 

f l u c t u a t i n g  when chord length changes r a p i d l y  from one segment t o  

another. One must s e l l e c t  j o i n t  pos i t i ons  caut ious ly  t o  avoid t h i s .  

However, 
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V I .  CONCLUSION 

Shape design s e n s i t i v i t y  formulas for  domain and boundary 

approaches are mathematically i d e n t i c a l  . However, numerical r e s u l t s  

o b t a i  ned by each approach can be q u i t e  d i f f e ren t  , dependi ng on numerical 

methods used. The domain approach can be coupled b e t t e r  w i th  the f i n i t e  

element method, t a k i n g  advantage of the f i n i t e  element method as a 

domain type approximation method. 

accuracy o f  shape desi gn sensi ti v i  ty  i s  improved s i  gni f i  c a n t l y  by using 

domain information, espec ja l l y  f o r  problems w i t h  s ingu la r  behavior; 

e.g., along in te r faces  due t o  non-smooth boundaries or  data. 

Results o f  the present work show t h a t  

Futhermore, the d e r i v a t i o n  o f  shape design s e n s i t i v i t y  formula can 

be s imp l i f i ed ,  avoiding use o f  i n t e r g r a t i o n  by p a r t s  and i n t e r f a c e  

boundary condit ions. Consequently, shape design s e n s i t i v i t y  formulas 

f o r  a bu i l t - up  s t ructures can be e a s i l y  obtained by adding con t r i bu t i ons  

from each s t r u c t u r a l  component o f  the s t r u c t u r a l  system. I n  other  

words, one can der ive the  shape design s e n s i t i v i t y  formulas f o r  any 

bu i  1 t-up s t ruc tu re  by assembl i ng shape design sensi t i  v t y  formulas o f  

each prototype s t r u c t u r a l  components, t a k i n g  care t o  enforce compatible 

desi gn v e l o c i t y  f i e l d s  throughout the  domai n . 
Results presented show the ef fect iveness o f  the boundary-1 ayer 

approach t o  shape design s e n s i t i v i t y  analysis,  which i s  introduced f o r  

ease of generating the design v e l o c i t y  f i e l d  and f o r  e f f i c i e n c y  o f  
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numeri ca l  cal cul a t i  on . The des 

local-othogonal i ty  imposed on a 

gn ve loc i ty  f 

pre-set inner 

e l d  is constructed u s i n g  

bounding surface,  allowing 

only non-zero ve loc i ty  i n  one d i r e c t i o n  (normal t o  the inner bounding 

surface) . The ve loc i ty  element idea provides convi ence and general i t y  

t o  the boundary-1 ayer  approach, eval u a t i  ng ve loc i ty  and i t s  deri va t i  ves, 

usi ng ve loc i ty  shape functions . 
The present work concentrates on t e s t i n g  the domain approach of 

SDSA, using r e l a t i v e l y  simple structures such as a square box and a 

truss-beam-plate bui l t -up structure i n  wh ich  ve loc i ty  f i e l d s  can be 

e a s i l y  defined over the domain. A f i l l e t  i s  s tud ied  t o  generate  a more 

general vel oci  t y  fi e l  d ,  using B-spl i ne and i soparamet ri c mappings . 
Results are q u i t e  encouriging. 

general structures, ve loc i ty  f i e l d  spec i f i ca t ion  throughout the domain 

should be further studied. 

- 
To apply the present  method t o  more 

Accuracy and ef f ic iency  of the boundary-1 ayer  approach depend on 

size and loca t ion  of the boundary-layer i n  the domain. 

gives only guidel ines  f o r  s iz ing and loca t ing  the boundary-layer. 

area should be futher studied t o  make the boundary-layer idea more 

a t t r a c t  i ve . 

The present  work 

This  
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